A NEW PRINCIPLE IN THE GEOMETRY OF NUMBERS, WITH 
SOME APPLICATIONS 


BY 
H. F. BLICHFELDT 


1. Minkowski has discovered a geometrical principle which he applied with 
success to certain important problems in the theory of numbers. If we 
define lattice-points as those points in space of n dimensions whose (rectangular) 
coérdinates are positive or negative integers or zero, his principle may be 
stated as follows:* 

A surface in n-dimensional space, nowhere concave, possessing a center 
which coincides with one of the lattice-points of this n-space, and having a 
volume = 2", will contain at least two more lattice-points, either inside the 
surface or upon its boundary. 

He gave this theorem the following analytic form: Let f (a1, ---, x.) be 
any function of 2, «++, %,, which vanishes when 2; = 0, ---, x, = 0, but 
possesses a definite positiye value for any other system of values assigned to 
21, ***, Xn; let, moreover, the following functional equations be fulfilled: 


(1) f (tt, +++, tan) =tf (a1, +++,an), when t>0, 
(IT) f (yr t 21, Yn t 2n) SH (yr, Yn) HH (21, Sn), 
(IIT) f(— m1, — an) =f 


Then the n-tuple integral Sf dex, -++ dx,, taken over the region 


in positive directions along the paths of integration, will possess a definite 
value J, and there exists at least one system of integers /,, --- , /,, such that 


2. Among the applications given by Minkowski, two will be mentioned 
here, and one later on (§ 12). 


* Geometrie der Zahlen, Leipzig und Berlin, 1910, p. 76. 
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(a) Let 


[f (a1, +++, P= x Xj 


be a positive, definite quadratic form in n variables, having a determinant D. 
Then the variables may be replaced by such integers 1; , ---, 1, that we have* 


+3) 


where 2, ---, % are linear homogeneous forms in 2, --+, %,, With a non- 
vanishing determinant A. Let s pairs of these forms have conjugate imaginary 
coefficients. Then integers 1, ---, 1, exist such that we have, upon sub- 


stitution,* 
4 8 ljn 
; 


3. A new geometrical principle will now be stated and proved. To make 
it somewhat more general in scope, a new definition of lattice-points will be 
necessary. 

DEFINITION. Let the n-space defined by rectangular coérdinates , 
be divided into equal rectangular spaces by the n systems of planes 


(8) Let 


m= atht, =~ant hit +1, +2,-:--), 


where Gn, b;, «++, are given real numbers. We shall call these 
spaces fundamental parallelepipeds. In each of them let there be located, in 
an arbitrary manner, a given number of points, say k; none of them, however, 
lying upon the boundaries of the parallelepipeds. These points shall be desig- 
nated lattice-points. 

It will be observed that this definition of lattice-points includes the former: 
set a, = 4, = 1 = 1, m); and locate one lattice-point (k = 1) at 
the center of each of the resulting parallelepipeds. 

4. Theorem I. Let S represent any limited open n-dimensional continuum 
in the n-space 1, +++, 2%n, having the (outer) volume V. By a suitable translation 


this continuum can be placed in such a position with reference to the fundamental 
parallelepipeds that the number of lattice-points L contained in the continuum or 
lying as near as we please to its boundary is greater than Vk/W , where W re- 
presents the volume, and k the number of lattice-points of a fundamental paral- 
lelepiped. 


* Geometrie der Zahlen, p. 122. 
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Proof. We construct a parallelepiped « whose edges parallel to the co- 
érdinate axes X,, ---, X, are of lengths Ab, ---, Ab,, A being a fixed 
integer (2 in the figure) taken so large that S can, 
by a translation, be placed entirely withing. When 
so placed, the double surface obtained will be denoted 
by (S,o). We then construct a parallelepiped = 
whose edges, parallel to the axes, are of lengths 
Bb,, ---, Bb,, B being a large (variable) integer I =e 
(8 in the figure), which exceeds 24. We may | mic 
assume that 2 contains just B" fundamental 
parallelepipeds. Inside > we have a parallelepiped >’ whose edges are of 
lengths (B—2A)b,, ---, (B—2A)b,, its faces being at distances 
Ab,, Ab, from those of >. 

Now place (S,o) in such a position inside = that one of the vertices of ¢ 
coincides with one of 2, so that n of its faces lie upon n of the faces of >. 
From this position we obtain {(B— A)C+1 }" different positions of 
(S,o), all inside 2, by means of translations of the form 


where ¢; runs through all integral values from — © to + ©, independently 
for each subscript 7, and where C represents a large positive integer. 

5. Each of the k (B — 2A)" lattice-points inside 2’ will lie inside or near to 
several of the surfaces S, if C be chosen large enough. We shall proceed to 
count these lattice-points in such a way that each is counted as often as it 
appears inside of, or as near as we please to a surface S. Call this number NV. 

Consider any one of these lattice-points P. To count the number of surfaces 
S inside of which it will appear, we may regard S as stationary and P as sub- 
jected to the translations (1). Then P will appear as vertices of parallelepipeds 
whose edges are of lengths b,/C, ---, b,/C. Let the least number of such 
parallelepipeds which entirely contain the continuum S be Mp. We may 
take C so large that all the vertices of these M > parallelepipeds lie either within 
the continuum S, or as near as we please to its boundary. Summing for all of 
the lattice-points considered, we get 


N>k(B—-2A)"M, 


M being the smallest of the numbers M >. 

6. Since there are { (B — A) C+ 1 }” different surfaces S inside 2, it 
follows that there are 
(B—2A)"M 
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lattice-points inside or near the surface of at least one of them. If now B and 
C increase indefinitely, the right-hand member approaches 


so that for a given positive « we may take 


Finally, since L is an integer, the inequality of the theorem follows unless 
Vk / W is an integer also. In this case however we consider first a con- 
tinuum lying arbitrarily near to S and containing S within it. For this 
continuum of volume greater than V the desired inequality holds, and thus 
for S also. The theorem is therefore true. 

7. When the different fundamental parallelepipeds are congruent with 
reference to the lattice-points contained, the statement in Theorem I reading 
“the number of lattice-points Z contained in the continuum or lying as near 
as we please to limiting points of the continuum is greater thankV/W .. .” 
may be accentuated to read as follows: “the number of lattice-points L contained 
in the continuum or belonging to limiting points of the continuum is greater than 
Vk/W....” The above proof may be modified to cover this statement. 
However, instead of doing this, we shall give a very elegant and independent 
proof of Theorem I, under the restrictions mentioned, furnished the author by 
Professor Birkhoff, which proof throws into evidence the sharper wording of 
the theorem. We shall limit ourselves to one lattice-point in each fundamental 
parallelepiped, although the proof, as given by Professor Birkhoff, is valid for 
any number. The spirit of the proof is shown equally well by limiting our- 
selves to space of two dimensions only. 

Let us therefore assume the plane divided into a network R of equal rec- 
tangles, a single lattice-point A in each, similarly placed. Let a closed curve 
C be drawn, having an (outer) area V , the area of a rectangle being W . 

We will superpose, by a translation, upon a single rectangle J, all those 
which are covered, in whole or in part, by V (its boundary included). It is 
then evident that a point P can be located in RF; at which the superposed or 
adjoining portions of V are in number L > V/W, unless V/W = an integer 
and no part of the boundary of V appears inside R,. But such a case could 
be avoided by subjecting C to a proper translation at the outset. In the 
reconstructed area V , P will appear as L points, congruent with reference to 
the rectangles R. Applying a translation such that these points coincide 
with L points A , the translated area V will contain in its interior or upon its 
boundary more than V / WW lattice-points A . 
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8. Extension of Theorem I. Let there be given a finite number of continua 
Si, «++, Sm, overlapping or not, forming a network S, and let ay, +++, Gm be 
arbitrary positive constants. Then by a suitable translation, S may be brought 
into such a position that, if L; designates the number of lattice-points inside of 
or as near as we please to the surface of S;, and V; the outer volume of S;, then 
ay t+ t+ > (a, Vit +--+ anVn)k/W. The demonstration 
follows that of Theorem I, after S in the symbol (S,o) is replaced by S. 
Considering each continuum S; in turn, we prove (using corresponding nota- 


tion M,): 
La; N; > k (B-— 2A)" M;, 


and then divide by {(B —24)C+1}". Finally, 2a; L; not being a con- 
tinuous magnitude, the argument at the end of § 6 is valid here. 

9. Minkowski’s general analytical theorem (§ 1), so far as the last inequalities 
are concerned, follows immediately from Theorem I. Let the symbols 
f (a1, «++, %n), J be defined as in Minkowski’s theorem, and let S represent 
the continuum of points (21, ---, 2, ) satisfying the condition 


(2) 


Then V = 1, and if “ lattice-points ” are defined as in § 1, we have k/W=1 


(ef. §3). Applying Theorem I, we have L=2. Let (m1, ---, yn) and 


(— 21, °-++, — Zn) be two lattice-points inside S or upon its boundary (§ 7), in 
its new position. Set + 21 =, +++, Yn t2n = ln. 

Now, if (2, --+, 2.) be a lattice-point which after a translation lies in or 
on the boundary of the continuum defined by (2) and if 6,, ---, 6, be the 
components of the translation, we have 

f (zi — — bs) 


Hence, we obtain 
0<f(h, =f(mt+a, + Zn) 
Sf (ys — b1, Yn — bn) +H 21 — 81, — — SQ. 


10. Quadratic forms. Let F designate a positive definite quadratic form in 
n variables 2,, ---,2n. We may write 


+o, 


where 2, -+-, U, are linear in the n variables and of determinant A. Then 
the determinant of F will be D = A’. 

To apply the theorem in §8, let us construct the network S, consisting of 
the points respectively inside the surfaces S,, ---, Sn; S, having for its 
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equation 


F = where 


here m is a large (variable) integer, and 


~ AT (1+ 4n) 


J 


is the volume of F = 1. Let “lattice-points”’ be those points having integral 
coérdinates, so that k/W= 1. Then, after a suitable translation, 


a, + + In > Vi + + OnVm 
= oJ (a1 + + man). 


We shall put a; = (¢+ 1)?/" — ?/" when i < m, 


(3) 


where g = 1 + 2?" + --+ + m?™, and shall denote L; — by p;. Then 
(3) becomes 

# Lm — (pi + 27!" po + + m?”™ py) > ( = 


mm 


(4) 


Now, if x, --+, x, be a lattice-point inside or near S,, and if we indicate 
the result of substituting x; — 6,, ---, 2, — 6, for x, «++, %, in v; by v;, then 


where ¢€ is a quantity small at will. If x;’, ---, x,’ be any other lattice-point, 
then the differences v; — ;', etc., are equal to the results obtained by sub- 
stituting the integers x; — etc., for 21, etc., in %1, +++, Hence 


will be a numerical value of F,, for integral values of the variables involved. 
Adding all the expressions (5) for every pair of lattice-points contained in 

the network S, and denoting the sum p; + po + «++ + Pm = Im by P, we 

get 


j=1 


<P{ + po (26)? + +++ + Pm (meg)? } + €P? 
(n+ 2)g 


< P¢?"(P — 1) + 
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by (4). If we now divide by } P(P — 1), substitute the value of ¢ and 
pass to the limit m = © , we obtain 

THEOREM II. Let F be a positive definite quadratic form in n variables and of 
determinant D. Then integers l,, ---, ln, not all zero, may be substituted for 
the n variables such that the numerical value of F is not greater than 


9 9 2/n 


It will be observed that the asymptotic value nD!" / ze of this expression 
is one half that of Minkowski’s limit (§ 2). Minkowski* has proved that the 
asymptotic value cannot fall below nD!" /2ze. The actual limit for n = 2 
was first determined by Hermite,} and for n = 3, 4 and 5 by Korkine and 
Zolotareff.{ The quotients of these limits divided by D' are respectively 
2/V3, V2, V2, V8. 

11. Linear forms. Let f =| + --- where 1, ---, v» are linear 
homogeneous forms in 2, --+, 2%, of determinant A +0. If imaginary 
coefficients occur we assume that the forms having such coefficients appear in 
conjugate imaginary pairs. We can then utilize Theorem II. For, from the 
value of | |?, the maximum value of | is obtained by 
putting || =|2.|. We find the following 

TueoreM III. Integers 1,, ---,1n, not all zero, can be substituted for the 
variables 21, +++, Xn such that 


9 9 1/n 
|A 


The asymptotic value 


n 


of this limit is smaller than that (§ 2) of Minkowski 


} s/n 
Q@\ 7 


the more so the greater the number of pairs s of conjugate imaginary forms 
contained among 2%, ---, Y%,. On the other hand, for low values of n, the 
limit given above is higher than that given by Minkowski. 


*Journal fiir Mathematik, vol. 129 (1905), pp. 268-9. 

tJournal fiir Mathematik, vol. 40 (1850), p. 263. The limits for n = 2 and 
n = 3 were virtually determined by Gauss and Seeber. Cf. Gauss’ Werke, Bd. 1, p. 307, ff. 
and Bd. 2, p. 192, ff. Géttingen, 1876. 

tSur les formes quadratiques positives, Mathematische Annalen, vol. 11 
(1877), p. 242, ff. . 
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12. Approximation of irrational numbers by means of fractions. Let 
G1, ***, Qn, represent n — 1 real positive numbers. The problem of finding 
n — 1 rational fractions x; /2, having a common denominator, 
which are close approximations to the quantities a, has been solved by 
Hermite,* Kronecker,} and Minkowski,t and for n = 2 by Hurwitz.§ We 
shall prove a theorem giving slightly closer limits, except for n = 2, than those 
obtained by these writers. 

Consider the linear forms 


Yr = AS, = — Yn-1 = LMn-1 An-12. 


In the n-space (yi, ++, Yn—1, 2) construct the lattice-points obtained by 
substituting all possible integers for 21, ---,%n-1,2. Construct also the planes. 


Here k is a given positive integer; a1, --+, @,—1 any set of n — 1 numbers 
not representable by the forms «++ , Y%n—1; While hy, --- , run, independ- 
ently of each other, through all integers from — © to-+ ©. These planes 
divide the n-space into fundamental parallelepipeds, each of volume W = k, 
and each containing just / lattice-points. For there are just / sets of integers 
21, ***, 2 Which satisfy the inequalities 


cor, n—1), 


We now apply Theorem I, where S represents the continuum of points 
satisfying the conditions 


| — 1)**2| = ( n 
a|= 


n” a 2(n —1) 


n—1 2 n n—l 
) <1 when 1> >(sqp) 
(¢=1,---,n—1). 
Here a and 6 are two positive real numbers subject to the restrictions 


n— 2)" 
(n= 2) 
| (n—1)" 
(7) 1-2/n dy 
2"*(n—1 
*Journal fir Mathematik, vol. 40 (1850), p. 266. 
t Werke, Bd. I, p. 636. 


t Geometrie der Zahlen, p. 108 ff. 
§ Mathematische Annalen, vol. 39 (1891), p. 279. 
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The volume of S is V = 1 by (7). We can therefore apply a translation 
mt bh, Yr—-1 = t+ Sn-1, 2 =2+6, 


to S which will bring it into such a position that two lattice-points, 
(Yiry 5 Yr n—ty (Yor, Y2 22) are contained in S, or lie as near 
as we wish to its boundary. 
The two integers 21, 22 cannot be equal. For otherwise 
| ai — 22: | — Yoi | | — — 5;) | < 2b+e< 1, 
by (6) and (7), i. e., a1; — a; = O for every subscript 7, and hence the two 
lattice-points would not be distinct. If we therefore set 


we have Z = 1, and we can prove that 
a:Z| < 2b+ 4, | X; 


where ¢€; and €2 are quantities as small as we please. If now we notice that 


from (7) 
n 


and that z may be assumed positive, these results give at once: 
THEOREM IV. Given n — 1 positive quantities a1, +++, Q@n-1, and an ar- 


bitrarily small quantity b < 3, we can find n integers X,, --+, Xn-1, Z such 
that the n — 1 differences 


are not greater than 2b, and at the same time are all not greater than 


(n — 1 ) /n—1) 


The common denominator Z need not be taken greater than 2a = 2 (y/ 6)". 

For n = 2, Hurwitz proved (1. c.) that y = 1 / V5, and Minkowski* proved 
that, forn = 2,y< (n—1)/n. For large values of n, this may be written 
y = e€"/, while the expression for y in Theorem IV becomes (e + 1/e)7”. 


* Geometrie der Zahlen, p. 112. 
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AN APPLICATION OF SEVERI’S THEORY OF A BASIS TO THE 


KUMMER AND WEDDLE SURFACES* 
F. R. SHARPE anp C. F. CRAIG 


In a series of papers F. Severit has developed a theory by means of which 
any linear system of algebraic curves on an algebraic surface can be expressed 
linearly in terms of a finite number of such systems. He has also applied 
this theory to the study of the curves on the Fano quartic surface and to the 
determination of the group of birational transformations which leave this 
surface invariant. 

In the following paper this method is applied to the study of certain of 
the birational transformations which leave the Kummer and Weddle surfaces 
invariant. In particular the question of the periodicity of the product of 
two such transformations is studied. Some new relations among the different 
types of transformation are obtained. 


1. THe KumMMER SURFACE 


Let A, B, E, F be any Gépel even tetrad of nodes on the general Kummer 

surface K,. The notationt 

BC D 

F GH 

J KL 

N OP 
will be used to denote the complete configuration of the sixteen nodes on Kg. 
Variables zx, y, z, w will be so chosen that A = (1,0,0,0), B =(0,1,0,0), 
E =(0,0,1,0) and F =(0,0,0,1). 

* Presented to the Society February 28, 1914. 

{ Sulla totalita delle curve algebriche tracciate sopra una superficie algebrica, Mathe- 
matische Annalen, vol. 62 (1906), pp. 194-225; La base minima pour la totalité des 
courbes tracées sur une surface algébrique, Annales de l’école normale supéri- 
eure, ser. 3, vol. 25 (1908), pp. 449-468; Complementi alla teoria della base per la totalita 
delle curve di una superficie algebrica, Rendiconti del Circolo Matematico 
di Palermo, vol. 30 (1911), pp. 265-288. 


t See Hudson, Kummer’s Quartic Surface, Chapters I, II, and VII. 
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The surface K,, referred to this system of coérdinates, is invariant under 
the cubic inversion* 


Under this transformation the planes of each pencil through an edge of the 
tetraedron of inversion are interchanged in pairs. Through each pair of 
vertices are two six-point conics, namely: 


ABDGKO, AEJKLM, AFCDJN, 


ABCHIP, AEIONP, AFGHIM, 
EFCHKO, BFIKLN, BECDIM, 
EFDGLP, BFJMOP, BEGHJN. 


Hence these pairs of conics are interchanged under (2). This requires that 
twelve nodes interchange in pairs as follows 


(3) (CG) (DH) (IJ) (KP) (LO) (MN), 


where (CG) indicates the interchange of the points C and G. It follows 
that each of the four remaining conics CGIJLO, DHLOMN, DHIJKP, and 
CGKPMN, which are plane sections of Ks by the same quadric, is invariant 
under (2). Since Ky, is invariant and each of the vertices A, B, E, F is 
transformed into the opposite face of the tetraedron of inversion by (2), the 
image on K, of each vertex is the rational plane section of the surface by the 
opposite face. Denote a general plane section of K, by C, and use the symbol 
«© to denote “is transformed into.” The transformations of the vertices are 


Aov(,—B-E-F, Bo(,-A-E-F, 
Ex (—-A-B-E, 


(4) 


respectively. By (2) any plane is transformed into a cubic surface which 
contains the edges of the tetraedron ABEF. This surface intersects K, in 
C2, a curve of order 12. Since genus is invariant under birational transforma- 
tion and Cz is the image of any plane section of K,, the genus of this curve is 3. 
The inversion is also symmetric with respect to all the vertices: hence 


(5) 3C,-2(A+B+E+F). 


*See J. I. Hutchinson, On some birational transformations of the Kummer surface into itself, 
Bulletinofthe American Mathematical Society, ser. 2, vol. 7 (1901), 
pp. 211-217; see p. 212. 

{| The symbol AC, — aA — BB — --- denotes the complete curve of intersection of the 
Kummer surface with a surface of order \. This curve of intersection passes through the 
points A, B, ---, 2a, 28, ---, times respectively, is of order 4, and is of genus 1 + 2)? 
—a?—#—---. For details as to the meaning of symbolic addition and subtraction see 
Picard et Simart, Fonctions algébriques de deux variables, vol. 2, pp. 104-116 or the papers of 
Severi already cited. 
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The partial transformations (3), (4), and (5) completely* express the trans- 
formation of the linear systems of the curves on Ky, under the inversion (2). 
This complete transformation will be denoted by [#%]. The inversion as 
thus expressed is geometric in character and independent of the coédrdinate 
system. 

The inversion with respect to any other Gépel even tetrad of nodes can 


readily be written. The transformation [47] is 


(CK) (DL) (EF) (GP) (HO) (MN), 
Bels-A-I-J, 


and [44] is 


(CO) (DP) (EF) (GL) (HK) (IJ), 
Bo(,-A-M-N, 
MoC,-A-B-N, No(,-A-B-M, 


By the symbol [#7] [47], referred to as a product, is meant that a basis 


(a) of elements is transformed into a configuration (8) by [#7] and that 


(8) is transformed into (vy) by [4/]. The product transforms (a) 


into (vy). Thus [#7] [47] is 

Aw 

Bw 
Ex(;-A-B-E, Fety-A-B-F, Ix 
JoC,-A-B-J, Cy~ 50, 

(CP) (DO) (GK) (HL) (MM) (NN). 


The symmetry of this result in E, F, J, and J shows that the transformation 
is of period two.t Similarly the products [#7] [4%], [47] and 


*See Severi, Annales de l’école normale supérieure, ser. 3, vol. 25 
(1908), p. 465. 

t See H. F. Baker, Note on some transformations of a general Kummer surface, Proceed - 
ingsofthe London Mathematical Society, ser. 2, vol. 11 (1912-13), pp. 
302-312, where this result is obtained by a different method. The operations in Baker’s 
paper may be identified with those of the present paper by the following key: 


= (42) vp. = [48 
o= EF | @UDA = IJ | MN |}? 


(AF) (BE)(CH)(DG)(IN)(JM)(KP)(LO), 

(AE) (BF)(CG)(DH)(IM)(JN)(KO)(LP), 

(AB) (CD) (EF) (GH) (IJ)(KL)(MN)(OP), 
C, remaining invariant under each collineation. 


5, 

and 
with 
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[42] [47] [44] are each of period two. Hence three cubic inversions, 
taken with respect to Gépel even tetraedra which have an edge in common, generate 
an abelian group of order eight and type (1,1,1). There are 120 such edges 
and hence 120 such groups. 


The tetraedron ACIK has a vertex in common with the tetraedron ABEF. 
The product [#7] [7£] is 


A w~ 38(,-2A4 
B w~ 20,-2A4 -(C+1+K)-(G+P), 
E ~ 20,-2A -—-(C+I+K)-(J +P), 
F ~ 
CoE, 
I~ B, 
Ko F, 
Cy» 70, —-64 
(DNO) (HIM), 
where (DNO) is the cyclic substitution on its elements. If we write 
a=C+I+K, B=G+J/+P, y=B+E+F, 
then (6) in part becomes 
Cy 70, — 6A — 4a — 28, A 3C, — 24 — 2a -8, aay, 


(7) 
B~3C,-34-2a, y~ 6C,—6A — 3a — 28. 


If (7) is non-periodic, (6) can not be periodic. Transform (7) through 


X = 2A, Y 


and it becomes 
Yo J, Z~Z, 38X¥+3Y-Z+W, 
To 


which is clearly non-periodic. Hence (6) is non-periodic. By suitable choice 
of variables the periodicity of the transformation given by the product of 
any two inversions, taken with respect to Gépel even tetraedra which have 
one node in common, can always be made to depend on the periodicity of (7). 
Hence the products of this type are all non-periodic. 


W=A-a, T=a, 
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Consider next the product [4%] [4] by which 

o 

~ 

Mow C,-(I+J+M), No (,-(1+J74+N), 

(CD) (GH) (KL) (OP). 


(3) 


The periodicity of (8) depends on that of 
Cy ~ 9C, — 2a — 6B, a ~ 12C, — 3a — 86, B ~ 4C, — 36, 


where a=A+B+E4+F and Transform this 
through 

X=(,-8, Y=2C(,-—a-68, Z=8, 
and it becomes 


Yo Xo 2Y+X, Zx4X+Z, 


which is non-periodic. Hence (8) is non-periodic. It is to be noticed that 
the four vertices of each tetraedron of this product are invariant as a whole 
under the inversion taken with respect to the other tetraedron. The non- 
periodicity of the product of two inversions, taken with respect to any similarly 
chosen pair of Gépel even tetraedra, is an immediate consequence. 

In a similar manner the transformation [#7] [%%] may be shown to be 
non-periodic. The distinction between this case and that immediately pre- 
ceding is that J K N O are not invariant as a whole under [#7] and A B E F 
are not invariant as a whole under [x5]. The non-periodicity of all similar 
products follows. 

This completes the analysis of the product of two inversions taken with 
respect to tetraedra chosen in all possible positions. Hence follows the 

THEOREM. The product of any two cubic inversions of the general Kummer 
surface is periodic only if the Gépel even tetraedra, with respect to which the 
respective inversions are taken, have an edge in common. 

An immediate consequence of this is the theorem of Hutchinson* that the 
sixty inversions generate a group of infinite order. 


 * Loe. cit., p. 212. 
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Any line through a node of K, meets the surface in two other points. The 
transformation which interchanges these points is a monoidal cubic involution 
having the node for fundamental point. Under this nodal projection any 
plane section of K, is transformed into a Cj. of genus three. Hence for the 
node A 
(9) Cy ~ 3C, — 4A. 


The image of the node is the intersection of the surface K, with the tangent 
cone at the node, namely a (’; of genus zero. Hence 


(10) A 20, 3A. 


The other nodes remain invariant. Equations (9) and (10) are all that will be 
written to denote the complete nodal projection and will be indicated by [A]. 
The product of two nodal projections [ B] [ A] gives 


Cy, — 112A — 4B, A ~ 2(, — 3A, B 6C, — 8A — 3B, 


the rest of the nodes being invariant. This transformation may be shown 
to be non-periodic by the methods employed above.* 

If a point be transformed by a cubic inversion and its image transformed 
by a nodal projection, the resulting transformation is either involutorial or 
non-periodic. For [#%] [A] gives 


3C,-—44-(B+E+F), 
Bo(,—A-(E+F), Ex (,—-A-(B+F), 
Fo(C,—A-(B+F), (CG) (DH) (IJ) (KP) (LO) (MN). 
This is easily verified to be involutorial. If the node of projection is not a 


vertex of the tetraedron of inversion, every such product is of the same type 
as [44] [C], under which 


C, © 90, — 120 -2(A+B+E+F), 
Aw 3C,-4C-(B+E+F), 
Go2C,-3C, (DH) (IJ) (KP) (LO) (MN). 


The non-periodicity of this transformation may be established as above. 
Hence the product of a cubic inversion and a nodal projection is non-periodic 
except when the fundamental point of the projection is one of the basis points of 
the inversion. 


* For another proof see V. Snyder, An application of a (1,2) quaternary correspondence 
to the Weddle and Kummer surfaces, these Transactions, vol. 12 (1911), pp. 354-366; 
in particular, see p. 364. 
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2. THe WeEDDLE SURFACE 


The Weddle surface WV’, can be obtained from the Kummer surface by 
birational transformation.* Under this transformation one node of the 
Kummer surface is transformed into a cubic curve on W,. The six conics of 
K, through this node become the six nodes on the cubic curve on W,. The 
remaining ten conics on K, are transformed into the ten lines of intersection 
of the pairs of planes determined by the six nodes on Wy. The other fifteen 
nodes of K, become the fifteen connecting lines of the six nodes of Wy. A 
plane section of K, is transformed into a curve of order eight on W4. 

In the diagram (1), if the cubic curve is taken as A, the residual elements 
will then be the fifteen lines joining the pairs of nodes on W,. The six nodes 
will be denoted by b, c, d, e, i, and m ; the remaining ten lines will be a, f, 
g,h,j, k,l, n,0,and p. These may be identified by the conics on K, to 
which they correspond. For example, through the node d pass the lines 
B,C,H,L, P, and the cubic curve A ; the line & meets the lines C, G, I, 
J, L,and O. 


Let variables x, y, z, w be so chosen that 
e =(1,0,0,0), 1=(0,1,0,0), m =(0,0,1,0), 
b=(0,0,0,1), =(a,b,c,d), d =(1/a,1/b,1/e,1/d). 


The equation of the Weddle surface, written in terms of these coérdinates 
is (18) and is invariant under the transformationt (2). Under this trans- 
formation the pencils of planes through the edges of the tetraedron and the 
nodes ¢ and d are interchanged in pairs. Hence the lines joining each vertex 
to c and d are interchanged. Thus 


(12) (CD) (GH) (KL) (OP). 


Under (2) an edge of the tetraedron of inversion is transformed into the 
opposite edge, or 


(13) (EF) (IJ) (MN). 


Further, the cubic curve A, through the six nodes, has the line B as image 
and conversely, thus 


(14) (AB). 


A quadric surface through the six nodes intersects W, in a curve Cx of order 
eight which has a double point at each node and the lines a, f, g, h, j, k, 
1,n,o, and p for bisecants. Under (2) this curve is transformed into another 


* The transformation here used is employed by Snyder, loc. cit., p. 360 and is the dual of 
the correspondence given by Hudson, loc. cit., p. 169. 
+ See Hutchinson, loc. cit., p. 216. 
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curve of the same system, since the quadric surface is transformed into another 
one through the six nodes; hence 


(15) (Cs Cs). 
It follows from (12), (13), (14), and (15) that the complete inversion is 
(C3 C3) (AB) (CD) (EF) (GH) (LJ) (KL) (MN) (OP). 


Since Cs on W, corresponds to C, on Ky, it follows that this is a collineation 
on Ky. Hence the collineation group on K4 corresponds to the inversion group 
on W,. On W, the product of two inversions is an inversion* and the inversion 
group is of order 16. 

Any line through a node of W4 meets the surface in two other points. The 
transformation which interchanges these points is involutorial. Consider 
the projection NV, from the node c. The tangent cone at the node meets W, 
in a curve of order eight, which consists of the lines B, D,G, K, and O and the 
cubi A, hence (Ac). A plane through B intersects W, in B and a cubic 
curve. This curve intersects B in c,d, and a residual point R which is the 
image of din this plane. As the plane rotates, R describes the line B. Hence 
(Bd), and similarly for the four remaining lines through c. Under N, the 
line M is transformed into the ine of intersection of the planes Mc and Nd, 
and conversely. Hence (Mo), and similarly for all remaining lines. The 
collected result is 


(Ac) (Bd) (Ca) (Db) (Eq) (Fh) (Ge) (Hf) 
(Ik) (Jl) (Ki) (Lj) (Mo) (Np) (Om) (Pn). 


Since Cs = 24+ B4+C+D+E+4+I14M, it follows from (16) that 
20 +d+a+b+g+k+0. By writing the symbolic sums for 
which contain the elements a, b, d, g, k, 0, these may be expressed in terms 
of Cs and the elements A, B, ---, P. Hence 


The transformation N, is given by (16) and (17). In like manner the trans- 
formation Ng is given by (17) and 


(Ad) (Be) (Cb) (Da) (Eh) (Fg) (Gf) (He) 
(Il) (Jk) (Kj) (i) (Mp) (No) (On) (Pm). 


(16) 


*In Hutchinson’s paper, loc. cit., p. 217, the product of two inversions is stated to be of 
infinite order. The formulas used for changing the fundamental tetraedron from e i m b to 
ei mc should read, in his notation, 


—a a2, = bw —az, Ve = cw — ay, Vd? — a®?z, = dw —az. 


With this change it is seen that the product of the two is an inversion. 
Trans. Am. Math. Soc. 17 
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The product of these transformations is the inversion with respect to the 
remaining nodes. Hence the cubic inversion with respect to any tetraedron of 
nodes on the Weddle surface is the product of the nodal projections with respect 
to the two residual nodes.* 

The points (2, y, z, w), (1/2, 1/y, 1/z, 1/w), (a,b, e, d), and 
(1/a, 1/b, 1/e, 1/d) are coplanar if 


lz y 2 Ww 

ty w 
(18) | = 0 

abed 

abe 


This condition is satisfied if (x, y,z, w) is on the Weddle surface. In other 
words, a point on W, and its image under a cubic inversion are coplanar with 
the residual nodes of the tetraedron of inversion. Thus any plane through 
the residual nodes is invariant under an inversion, as is well known for the 
equivalent product of the two nodal projections. 

Let the nodal projections be designated by N;, 7 = 1, 2, ---, 6. The 
inversions will be N; N; = Ji,. Hence N; = Ii,.Nx. There results im- 
mediately the known theorem that the group of the nodal projections is of 
order 32. For it is the direct product of the inversion group of order 16 by 
the group generated by any nodal projection. 


CorNELL UNIVERSITY, 
January, 1914. 


* The algebraical equivalent of this theorem is given by Baker, Multiply Periodic Functions, 


p. 154. 
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TRANSFORMATIONS OF SURFACES OF VOSS* 


BY 
LUTHER PFAHLER EISENHART 
INTRODUCTION 


Vosst was the first to study surfaces which are characterized by the property 
of containing two families of geodesics which form a conjugate system. These 
surfaces belong to the class admitting a continuous deformation in which a 
conjugate system remains conjugate; for a surface of Voss it is the geodesic 
conjugate system which possesses this property. These surfaces play an 
important réle also in the determination of congruences whose developables 
meet the focal surfaces in their lines of curvature. It is the purpose of this 
paper to establish transformations of surfaces of Voss into surfaces of the 
same kind, and to study some of the geometrical properties of these trans- 
formations. 

The geodesic conjugate system of a surfacet V has the same spherical 
representation as the asymptotic lines of a pseudospherical surface P. More- 
over, the determination of all surfaces V with the spherical representation of 
a given surface P requires the integration of an equation of Laplace with 
equal invariants. We shall say that each of these surfaces is conjugate to P. 
In § 1 we recall the formulas defining a pseudospherical surface P, the formulas 
for a conjugate surface V and the equations of a Backlund transformation of P 
into another pseudospherical surface P;. Such a transformation involves a 
constant o (the angle between the tangent planes to P and P;) and a func- 
tion @ whose determination requires the solution of a Riccati equation. When 
a surface V is given, each pair of quantities 6 and o determine a new surface 
V, such that the developables of the congruence of lines joining corresponding 
points on V and V, meet these surfaces in geodesic conjugate systems. More- 
over, V; is a conjugate of the surface P; which is determined by the Backlund 
transformation of P by means of @ and a. In order to put in evidence the 
functions we say that V; is obtained from V by a transformation 2(6, 0). 

* Presented to the Society, December 31, 1913. 

{ Ueber diejenigen Flachen auf denen zwei Scharen geoddtischer Linien ein conjugirtes System 
bilden, Sitzungsberichte der K. Akademie zu Miinchen (1888), pp. 95- 
102. 


t Throughout the paper we shall denote by V a surface of Voss. 
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Each surface V conjugate to P is transformable by the same pair of func- 
tions 6 and ¢. However, for a given pair (6,0) there exists a surface V 
such that the lines joining its points to the corresponding points on the surface 
V, resulting from the transformation 2(@, 0) are concurrent. By means of 
certain additional functions connected with this special case we are able to 
show that the transformations 2(6@, 0) are of the Moutard type for equations 
with equal invariants. In a subsequent paper we shall show that there exist 
transformations of general conjugate systems with equal tangential invariants 
—transformations which are, in certain respects, generalizations of the trans- 
formations 2(6,¢). 

The transformations 2(@, ¢) admit a “theorem of permutability”’ (cf. § 6). 
The remainder of the paper deals with the congruence of lines joining corre- 
sponding points on V and J’;, and also the other congruence formed by the 
lines of intersection of the tangent planes at corresponding points on V and V;; 
the latter is a normal congruence. 


1. EQuATIONS OF A SURFACE V AND PRELIMINARY FORMULAS 


We consider a surface V referred to the geodesic conjugate system. Since 
this system has the same spherical representation as the asymptotic lines on a 
pseudospherical surface P, the linear element of this spherical representation 


can be given the form 
(1) do? = du? + 2 cos 2wdudv + dr’, 
where w is a function of u and v satisfying the equation 


w 


(2) + sin w cos w = 0.* 

If X,, Yi, Z; and X2, Y2, Z2, denote respectively the direction-cosines of 
the bisectors of the angles between the parametric curves of the spherical 
representation, and X, Y, Z the direction-cosines of the normal to a surface V 
with this representation, we have 


X, = Az tsinwX, 
OX, dw, OX, Ow 
(3) = X,-—coswi, X,—coswi, 
Sinw Xi + cos w Xe, — sin w X; + cos w 


* E., p. 289. A reference of this kind is to the author’s Treatise on the differential geometry 
of curves and surfaces, Ginn and Company, Boston (1909). 
t Cf. Bianchi, Lezioni di geometria differenziale, vol. 1, p. 320, Pisa (1902). 
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The equation satisfied by the tangential codrdinates Y, Y, Z, and W of 
the surface V is 


(4) 


* 
cos 2w gd = 0. 


In terms of the tangential coédrdinates the rectangular coédrdinates are 
of the form 


ow 
r= WX + Xrcos o( ) 
ow ow 
+ Xo sin 4+ = ) |. 
~ sin 2w (cos w X; + sin w Xo), 


L 
(cos w X; — sinw Xo), 


(5) 


From these we obtain 


(6) 


where 


Ow OW 2 dwoaw 

Ou Ou ~ sin 2wdu dv +” ), 
(7) 
2 W W 

D” = Sek te w).t 


2 sin dv du av dv 
The Codazzi equations for the surface V may be given the form 


oD 2 dw aD” 2 dw 


Ov sin 2w du du sin 2w dv D=058 


(8) 


When the pseudospherical surface P with the representation (1) of its 
asymptotic lines is subjected to a Backlund transformation, the linear ele- 
ment of the spherical representation of the asymptotic lines on the new surface 
P, is given by 


(9) doi = du? + 2 cos 26dudv + dr’, 


where @ is a solution of equation (2) given by 


sin 52) + (cos + 1)sin(@+w)=0, 
(10) 


06 
sin + (cos o —1)sin(@—w)=0, 


*E., p. 415. 

7 E., p. 163 with the aid of equations (3). 
1 Cf. E., p. 164. 

§ E., p. 200. Equations (36). 


: 
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o being the constant angle between the tangent planes to P and P, at corre- 
sponding points.* The direction-cosines X’, Y’, and Z’ of the normal to P,- 
are of the form 


(11) X’ = cosa X + sin o (sin 6 X; — cos 6 


and the direction-cosines ¥, Y, and Z of the line joining corresponding 
points of P and P,, and tangent to these surfaces at these points, are of the 
form 
(12) X = cos 6X, + sin 6 X2.f 

From (11) we obtain with the aid of equations (3) 


X’ 0X’ 


(13) dy + cos 0X32, — sin@X, + cos 0X32, 


where we have put 
X; = sin w ( cos o (sin 6X, — cos 6X2) — sin aX ) 
— cos w(cos 6X, + sin @ 
2 = — cos w ( cos ¢ (sin 6X; — cos 6 X2) — sing X ) 
— sin w(cos 6X; + sin Xe). 
From these follow by differentiation 


wx — sin 6X’, 


X, + sin 6X’, 


Ou du Ov Ov 
OX, ax; 00 
X, — cos 0X’, =— — cos 6X’, 
equations which are analogous to (3). Equations (14) are equivalent to 
cos 6X; + sin @ X, = — sin(@ — w) [ cos o(sin 6X, 
a6 — cos 6X2) — sing x | — cos(@ — w) (cos 9X, +sin6 X2), 
») 


cos 6X’, — sin 6X, = sin(@ + w) | cos o(sin 
— cos 6 X2) — sin o X | — cos(0+w) (cos @X,+sin 0X2). 


2. THe TRANSFORMATION 0) OF THE SURFACES V 


Each solution W, of the equation 


2 
(17) ~~ + cos 20g; = 0 


* Equations (10) may be obtained from equations (44) E., p. 289, by replacing cos o by 
— cose. 

t This follows from E., p. 284. 

tE., lc. 
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determines a surface V with the spherical representation (9) of its geodesic 
conjugate system. The rectangular coédrdinates of the corresponding surface 
V, are of the form 


aw, aW, 
W,X cos ( ap ) 


ow, 
+ X, sin ( ap 


where X’, X;, and X, have the significance given by equations (11) and (14). 

It is our purpose to show that when a surface V whose coérdinates are 
given by (5) is known, it is possible to find a surface V; defined by (18), such 
that the developables of the congruence formed by the joins of corresponding 
points of V and V, cut these surfaces in their respective geodesic conjugate 
systems. 

If we write the coérdinates of any point on a line of this congruence in the 
form 


(19) att(m—2z), ytt(y—y), 


it must be possible to find two values of ¢, say ¢; and #2, such that 


(18) 


Ox Ox, Oz 


~ 


0 0 0 


The necessary and sufficient condition that these equations be consistent is 
that the following equations be satisfied: 
ae | az 
Ou Ou Ov 
ar, |= 0. 
du | | dv dv | 
as 21 — 
The equations for V; analogous to (6) are 


D 
(008 6X, +sin6X,), 


” 


sin 29 (008 — sin 


ay 
a 
3 
Ou 
(22) 
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Again with the aid of equations (11) and (14) we obtain from (5) and (18) 
the expression 


(23) AX + BX, + CX2, 
where 
i ow ow. 
A=W,coso —-W + (sino —w) + sin(@ + w) 
sin6/ . ow 
B = W, sing sin 6 — —— ( sin (@ — w) — 
4 sin(0 + _ cos w (= 
cos 0 ow ow 
(24) + (0 + 0) 0) 
W 
C = — W,sin a cos 6 (sino w) 
OW, sinw (OW ow 
+ sin(6 + w) Ov ) ~ sin (5 Ov ) 
sin 0 ow ow 
( + w) — cos(@ — w) 


When these values are substituted in (21) and use is made of (16) in the 
reduction, we obtain 


A cos(@ — w)(coso —1)+ Bsinwsine — Ccoswsing =0, 
A cos(6 + w)(coso +1)— Bsinwsineg — Ccoswsing = 0. 


In consequence of (24) these equations, and consequently equations (21), are 
equivalent to 


W ‘0S 1 W 1 
Ou sin Ou sin 
(29) 1 aw 1 
cos (0 — w) Wy, = ap + 


OW, cose — 
Ov sin 


cos (0 --w) W. 

Since @ satisfies equations (10), the condition of integrability of equations 
(25) is satisfied, as is readily shown, and furthermore the function Wy, so 
defined is a solution of equation (17). We shall find shortly (§ 5) that the 
integration of equations (25) requires one quadrature only. Hence we have 

TueoreM I. Each solution of equations (10) determines a transformation 
2(6, 0) of a given surface V into a surface V; such that the developables of the 
congruence formed by the joins of corresponding points on V and V, cut these 
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surfaces in the geodesic conjugate systems. Moreover, when @ is known, the 
further determination of V requires only a quadrature. 

The second fundamental coefficients of V;, namely D,, D) , are given by 
expressions similar to (7). In consequence of (25) these can be given the 
form 

2A 


D; D- 


sin o sin 2w Ou sin o 


cos¢o+l1. 
sin 2w 


(2 cos (6 — w) 


(26) 


sin o sin 2w sin ¢ 


2. ae 1—cosc. 
(2 c0s(0 + 0) 5 + sin 20). 


3. Tue CONGRUENCE ASSOCIATED WITH A TRANSFORMATION 2(6, 7) 
With the aid of (25) the expressions (24) are reducible to 


sin o (= 2w ow 


A (W, — W cos a) — sin(@ 


W 
A 
sin o sin w 


A 
; — (cos cos w cos ¢ — sin w). 
sin ¢ cos w 


(cos 6 cos w — cos o sin 6 sin w), 


From these expressions and (23) it follows that the direction-cosines a, 6, 
and vy of the line joining corresponding points on V and V, are of the form 


ap = cos w(cos 6 cos w — cos o sin w sin 0) X; 
(28) + sin w(cos 6 cos w cos ¢ — sin @ sin w) Xe 
+ sing sinwcoswi, 
where 
(28) p = V2 V1 + cos 2w cos 26 — cos o sin 2w sin 20. 


Since the expressions for these direction-cosines involve only the functions 
of the Backlund transformation, we have 

TueoreM II. If V and V’ are any two surfaces conjugate to P, and V, 
and V, are obtained by transformations involving the same functions 6 and o, 
the developables of the congruences of lines joining corresponding points of V 
and V; and of V’ and V, have the same spherical representation. 

In § 4 we shall find that in certain cases these congruences coincide. 

In the tangent plane to V at a point M we draw the line / parallel to the 
line joining corresponding points of the pseudospherical surfaces P and P; 
determining a transformation of V. The direction-cosines X,Y, and Z of 


251 
(27) 
B= 
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this line are of the form ‘ 


(29) X = cos 6X, + sin Xe. 


The direction-cosines X’, Y’, and Z’ of the line in this plane perpendicular 


to l are of the form 4 
(30) X’ = — sin @ X, + cos @ Xo. 


With the aid of these expressions equation (28) may be written 


2ap = sin o sin 2w X + (cos 2w + cos 20) X 


(31) 
+(— sin 20 + cos o sin 2w) X’. 


In view of this expression we are able to give the following construction for 
the direction of the line through M upon which lies the point M, of the trans- 
formed surface V;. In the tangent plane to V at M we lay off a unit vector 
which makes the angle — 26 with the line /, and in the plane through / and 
inclined at the angle ¢ to the tangent plane we lay off a unit vector which makes 
the angle 2w with /; the vector which is the sum of these two vectors has the 
desired direction. 

It is our purpose now to determine the abscissas of the focal points of the 
congruence of joins of corresponding points on V and V,. To this end we 
observe that in consequence of (20) we have 


~ 2)" 


(a1, — 2) ~ (a1 — 2)’ X’ (a1 — 2) 


It is readily shown that 


ay an 29512 sin(@ — w), 
Ox 
ay sin 2052? sin(@—w), 
Ox D” 


= sin o sin (8 
sin 2w (9 + w) 


In consequence of the values (27) we have also 
sin 26 
— 2) = A. 
) sin 2w 

Substituting these expressions in the above equations, we obtain 


(1-4)D=t,D,, (1—t)D” = 


3 
aa 
1 
4 
a 
a 
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from which we derive the following: 


D 
From these values it follows that the cross-ratio of the points M and M, on 
V and V, and the foci F; and F,» of their joins is 
DDY 
D” 


t 
(32) 
te 


(33) R(MM,, Fi = 


Substituting the values (32) in (19), we find that the codrdinates of the 
focal points are of the form 


4D, +2,D xD; — 2x, D” 
Hence we have 
TuHeoreM III. The focal points of the lines joining corresponding points 
M and M, on the surfaces V and V, divide the segment MM, in the ratios D/D, 
and — 


etc. 


4. SpecIAL SURFACES OF Voss 


In the preceding discussion we have ignored the possibility that the joins 
of corresponding points on V and V, may pass through a point, in which case 
any ruled surface of the congruence is developable and Theorem I loses part 
of its significance. It is our purpose new to consider this possibility. We 
shall find that every surface V does not admit of such a transformation. 
We use w to denote the function W for a surface V which possesses this 


property. 
If we take the origin for the point of concurrence of all the rays, we must have 


r+t(m—2)=0, 


When the expressions from (5) and (23) are substituted in these equations, 
we obtain three conditions of the form 


LX + MX,+ NX, =0, 


which coexist only in case L = M = N =0. This gives the three equations 


of condition 
Ow dw 
= ae 9 sj = 
w+ At=0, au 2 Sin wtB 6. 
(35) 
Ow Ow 
9 = 
av +2coswil =0. 


Ore 
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If we solve the last two equations for dw/du and dw/dv and substitute the 
values of B and C from (27), we have 


Ow —1 
Ou sin 


Hence equations (35) may be replaced by the first of them and 


Ou sin o 


dlogw cosao—1 
008 (8 —w). 


From the equations (25) for the determination of w; it follows that 
(37) ww; = const. 


Hence each solution @ of equations (10) leads by a quadrature to a surface V , 
which we call a special surface of Voss and denote by V (6,0), such that 
there is another surface of the same kind so related that the lines joining 
corresponding points of the two surfaces are concurrent. We observe that 
the relation between these surfaces is reciprocal, and consequently we say 
that each is the adjoint of the other. 

It is evident that if there is applied to a special surface (6,0) a trans- 
formation involving a different 6, the relation between the two surfaces will 
be that of Theorem I. 

When the values (36) are ‘substituted in equations (7), we find that the 
expressions for the second fundamental coefficients A, A” of (0,0) are 
reducible to 


sin 2w Ou sin ¢ 


sing 

(38) 
A” = Qw +w) dw , 1— cos 


sin o sin 2w Ov sin ¢ 


From (26) it follows that the coefficients A,;, A;’ of the adjoint surface are 
given by 


A A 
Since we have 
(40) A, A” + A =0, 


it follows that the asymptotic lines on a special surface of Voss correspond to 
a conjugate system on its adjoint. 

We consider the converse problem, that is, we suppose that D, D’”, D,, Di’ 
satisfy an equation of the form (40). From (26) it follows that either A = 0, 


3 
SC 

| 
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or there exists a function \ such that 


Ow 
D 2 cos(0 — w) — —.. sin 2w }, 
sin 2w Ou sin o 


(41) P 
r w 1l—cos¢e 
D sin 2w (2 cos (6 + w) Ov + —_— 2). 
If we take A = 0 and substitute in (25) the value of W, so determined, we 
find that D = D” = 0, which evidently is impossible. 
When the values (41) are substituted in the Codazzi equations (8), we find 


A = cw. 


Hence V is a special surface of Voss, and we have 

TuHeoreM IV. A necessary and sufficient condition that a surface of Voss 
be “ special” is that it admit a transformation Q such that the asymptotic lines 
of the given surface V correspond to a conjugate system on the surface V,. 


5. EQUATIONS OF A TRANSFORMATION 2(6, 0) IN ANOTHER Form 


In consequence of equations (36) we may put the fundamental equations 
25) in the form 


aw... 
5, (Wiw) = — w 


Ou ’ 


ow dw 


(42) 
(Wiw)=w 


This shows that the transformation 2(@, 0) is of the general class of trans- 
formations of Moutard of equations with equal invariants.* It is a well- 
known fact that three linearly independent solutions »;, v2, v3 of an equation 
of the form 


(43) 


determine a surface > referred to its asymptotic lines; its codrdinates &, 7, ¢ 
are given by the formulas of Lelieuvret 


V2 V3 


| 
| Ov Ov | 


If a fourth solution of equation (43) is known, say 6, the functions v;, defined 


* Bianchi, Lezioni di geometria differenziale, vol. 2, p. 47; also Darboux, Legons sur la théorie 
générale des surfaces, vol. 2, p. 145. 
TE., p. 193. 


4 255 
0°? 6 
dudv M6 
Ve 
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by the quadratures 


| 
(45) = —|80, 5, = 00, dv; | (i =1, 2,3) 
| Ou Ou | dv 


satisfy the differential equation 
0 1 
as 
dudv 
Moreover, the surface 2,, determined by equations in », analogous to (44), 
can be so placed in space that = and >, are the focal surfaces of a W-congru- 
ence.* 
Since the total curvature of > is given by f 
(vi + +3)?’ 


if ~ and  , are to be pseudospherical surfaces of curvature — (1/a”) in the 


(43”) 


K 


relation of a transformation of Bicklund, 
y= VaX, Ve =VaY, V3 = VaZ, 
VaX’ = VaY’ V3 =V aZ’ 
where X’, Y’, Z’ are given by (11). When these values are substituted in 
(45), we find that 6, equals w, given by (36), to within a constant factor. 
Now, equations (43) and (43’) are respectively (4) and (17). Hence we have 

TueoreM V. A transformation 2(0,0) is a transformation of Moutard 
in which the transforming function is the tangential codrdinate w of the corre- 
sponding special surface V (0,0). 

It is a fundamental property of W-congruences that each focal surface 
admits an infinitesimal deformation parallel to the normal to the other surface. 
The surface corresponding with orthogonality of linear elements to 2, defined 
by (44), in this case has for coérdinates ft 


"1, 6; V2, v3. 


Moreover, in the general case 6, V — K is the tangential codrdinate W of the 
corresponding associate surface. Hence we have 

TuHeoreM VI. A special surface V (0,0) associated with a pseudospherical 
surface P is that associate surface in the infinitesimal deformation of P whose 
directrices are parallel to the corresponding normals to the Backlund transform 


*E., pp. 418, 419. 
tE., p. 194. 
tE., p. 420. 


of P by means of 0 andc. 
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Since W, w is determined by (42) only to within an additive constant, and 
since also 1/w is a solution of equation (17), if V1 is a transform of V by a 
transformation 2(6,¢), so also is the suite of surfaces whose tangential 
coérdinates are 


where a is an arbitrary constant. 
In like manner it may be observed that V; is obtained by a transformation 
Q(6, 0) from any one of the surfaces whose tangential coérdinates are 


X, Y, W+aw, 


provided it is true when a = 0. 

We have seen that when a surface V (0,0) is transformed by 2(6@,¢), 
the tangential coérdinates w and w, are such that their product is constant. 
We shall show that this property is characteristic of special surfaces. In 
fact, if we differentiate the equation 


WW, = const. 
with respect to wu and » respectively and make use of equations (42), we get 


W 


=0, (M- W) log 0. 


(Wi — W) > log 


Hence V is a special surface V (6,0) and the transformation is 2(0,¢). 
We shall say that in this case the two special surfaces are in perspective 
correspondence. 


6. THEOREM OF PERMUTABILITY OF THE TRANSFORMATIONS Q 


It is our purpose to show that the transformations which have been estab- 
lished in §2 admit a “‘ theorem of permutability ” as follows: 

TueorEeM VII. If two surfaces V; and V2 are obtained from a surface V by 
means of transformations 2(0;, 01) and Q(62, o2) respectively, there exists a 
surface V’ which may be obtained from V, by a transformation 2(¢, ¢2) and 
from V2 by a transformation 2(¢, 01) ; moreover, the determination of V’ does 
not involve integration. 

If W, and W, are tangential coérdinates of V; and V2 respectively, we 
must have in accordance with (42) 

OW; _W;dw; Wow; 


Ou Ww; Ou Ou Ww; OU 


ow; W; Ow; ow W Ow; 
Ov w; Ov Ov w; Ov 


(46) 


| 
| 
|| (i=1,2), 
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where the functions w; and we are given by 


dlog wi 1+ ¢o0sa; 


; cos (6; + w 
Ou sin +), 


(47) 
dlog w; cosa; — 1 
and 


00; dw 
sin + (cos ¢; + 1)sin(6@; +) =0, 

i w 

sin + + (cos ¢; — 1)sin(@; —w) =0 

On the assumption that a surface V’ exists satisfying the requirements of 
the above theorem, there must exist functions W’, w,, and w, satisfying equa- 
tions analogous to (46), namely 
ow’ dw; OW; dw; 


, 
Ou w;, Ou Ou w; Ou’ 


an” W'aw, dw; 
Ov + Ov Ov w; d 


(49) 


By means of (46) these are reducible to 


aw’ ,, w; ow w; 
Ou Ou ou W Ou 


aw’ Jlog w; aw wi 
ap +H — log (ws wi) + ap — 


Wi + log + 
(50) 


(7=1,2). 


The consistency of the first equations for 7 = 1 and i = 2, and likewise for 
the second equations, requires that 


W 08 — VW log w1) 


+ 2 5, log (we we) 08 om 


(51) 


ay + 15, log (wi ) 


2 5, log (we we) + W We 


Since V; and V2 are general transforms of V , the coexistence of equations 


4 
(¢=1, 2). 
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(51) necessitates the conditions 


w 


av Ou Og W2 We 


Ov 08 WwW, ~ Ou w; Ws Bp 
This system may be replaced by the first and the following equations 


Ou du Ou 
Owe Ow, 


W1)= av — We de 
Owe Ow, 
where \ and yw are functions to be determined. When these values are sub- 
stituted in the first of equations (52) we find that it may be replaced by 


(54) + AW, = O. 


In consequence of (53) and (54) equations (51) reduce to 
(55) W’ = (Wi — Ws) = (82 — Wi) 
W, W, 


If we substitute these expressions in (50), we find that \ and wu must be constant. 
It is necessary now that we determine whether functions w, and w, exist 
which satisfy equations (53) and also equations analogous to (47), namely 


dlog w; 1+ cos o; 
du cos(o + 
(56) (i,k=1,2;¢+#k), 
dlog w; _ cos — 1 


where the function ¢ must satisfy the equations 


sin - + (cos 6) =0, 


(57) 


6 ‘ 
sin + (00s 1)sin(¢? — 6) = 0 
(i,k =1,2;i+k). 


Trans. Am. Math. Soc. 18 
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a 

= 0, 

(52) =0, 
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From the “ theorem of permutability ” of transformations of Backlund of 
pseudospherical surfaces it follows that there exists a function ¢ satisfying 
the four equations (57); it is given by * 


(cos — cos o2) sin (62 — 
sin(¢@ — w) = — 
sin sin cos (42 — + cos cos — 1 


(58) 
sin sin + (cos cos o2 — 1) cos (02 — 91) 


cos (¢ — w) = 
) sin sin cos (42 — + cos o; cos — 1 


Since w; and w, are given by (56) only to within a constant factor, it follows 
from (53) that the constants » and \ may be taken equal to unity, and conse- 
quently equations (53) may be written 

Ow; Ow; 
ou (wi wi) = We 
(59) (i,k =1,2;i+k). 


0 
ap 


If we reduce these equations for i = 1, k = 2 by means of (56) and (47), we 


obtain 
{1+ cos oe 


sin 


1+ cos¢e 
sin 


cos (¢ + + (0 + )) 


1+cos¢ 
cos (82 + w) — 


1 + cos a2 
— We 
sin 


(60) 


cos — l 


cos (0, — )) 


sin 


sin 


—1 


If we add these equations, the result is reducible to 


W, 


Ws, 


(cot a2 cos + cot a; cos w) cos 4; 


1 
(52 w ) sin a | 
( cos 6. cos 


cos w + (cot o2 sin 62 — cot sin sin w. 


By means of the values of ¢ given by (58) this equation becomes 


(62) w, sin sin cos (62 — 6,) + cos cos — 1 
COS G2 — COS 


*E., p. 287. 


3 
Wk 
aot 
= 


A, 
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The same result is obtained if equations (60) be subtracted from each other 
and in the resulting equation the values of the functions of @ given by (58) 
be substituted. It is readily shown with the aid of (58) that this expression 
for w, satisfies equations (56) withi = 1,k = 2. 

If we proceed in a similar manner with equations (59) with i = 2,k = 1, 
we obtain 


W, sin SiN cos (62 — 61) + cos cos o2 — 1 


(63) = 


Ww) COS d2 — COS 01 


These values of w’ and w; are in agreement with (54) which now is 
(64) We We + = 0. 
From (55) it follows that the tangential coédrdinate W’ of the surface V is 


(We — Wi) (cosa2—cosoi) 
sin SiN cos (02 — 61) + cos cos — 1° 


(65) W=W+ 


Hence the “theorem of permutability,” as stated at the beginning of this 
section, has been completely established. 

Suppose that W = w, and W, = 1/w); it is evident that the character of 
W, and W’ depend upon the choice of the function w.. If we require that 
Vand V’ shall be special surfaces of Voss such that the joins of corresponding 
points are concurrent, in all generality we can put W’W,=1. It follows 
at once from (65) and (63) that W. = w;. Now V; and V’ are not in per- 
spective correspondence. Otherwise we should have w; wi = const., which is 
inconsistent with (59). 

If four surfaces are related in accordance with Theorem VII, we say that 
they form a quatern. In view of the above results we have 

TueorEeM VIII. If V, Vi, V2, V’ form a quatern of surfaces of Voss deter- 
mined by a set of functions w1, we, w; , W2, the special surfaces of Voss determined 
by the functions wi, 1/wi, w2, 1/w2 form a quatern, and so likewise do the 
special surfaces determined by the functions wz, 1/we, w,, 1/w;. 

Conversely, 

TueorEeM IX. If two surfaces V and V, of a quatern (V, Vi, Vo, V’) 
are special surfaces in perspective correspondence, the necessary and sufficient 
condition that V2 and V’ be special surfaces in perspective correspondence is that 
these surfaces be determined by w, and 1/w:, where wz is given by (63), a2 being 
any constant and @2 a solution of the corresponding equations (10). 


7. NORMAL CONGRUENCES DETERMINED BY TRANSFORMATIONS Q 


We turn now to the consideration of the congruence of the lines of inter- 
section of the tangent planes at the corresponding points M and M, on two 


4 
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surfaces V and V,, of which the latter arises from V by a transformation 2. 
From the general theory of congruences* we know that the tangents at M 
and M;, to the geodesics v = const. through these respective points meet in a 
point F; likewise, the tangents at M and M, to the geodesics u = const. 
meet in a point F.; furthermore, these points F; and F»2 are the focal points 
of their join in the congruence formed by these lines of intersection of the 
tangent planes to V and V; at M and M,. 

If the codrdinates of F; and be denoted by bi, ¢1; a2, be, respectively, 


a, = (cos w + sinw X2) = + wi (cos 6X; + sin @X:2), 
(66) 


a2 = + Ao (cos w — sin w X2) = 2; + po (cos 6X; — sind X2), 


where Aj, #1, Az, we are quantities to be determined. From (16) and (23) it 
follows that the equivalence of the two expressions for a,, b;, and c; requires 
that A; and y; satisfy 

A+ sing sin(@é—w)=0, 

B — [ sin(@ — w) cos sin 6 + cos(6 — w) cos 6] — cosw = 0, 

C + [ sin(@ — w) cos cos — cos(@ — w)sin@] — A: sinw = 0. 


It is found that these equations are consistent in view of the values (27) of 
A,B,andC. 
From the above equations we find 


(67) M ™ sin sin(@ — 


~ sin ¢ sin 2w sin(@ — w)’ 
In like manner it can be shown that 
A sin 26 A 


(68) “sin @ sin 2w sin (@ + w) sin sin + w) 


We shall need the expressions for 0A/du and 0A/dv. They are most 
easily obtained indirectly by differentiating equation (23) with respect to u 
and v separately and equating to zero the coefficients of X in each case. These 
expressions are reducible to 


a4 _ 
du sin 20 


(69) 


A (cos ¢ — 1) cos(@ — w) 


Ov = sin 29 sin(8 + w) + sin 


If we substitute in (66) the values of \; and 2 given above, we derive by 


* Cf. Darboux, Legons sur la théorie générale des surfaces, vol. 2, pp. 220, 231. 


= 
3 
@ 
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means of (69) the following: 
Ai sin 2w (= ¢+1 
sin(@ — w) 
dw p”) (cos 6X, + sin 6 X2) 

sin (@ — w) 

(cos 6X; + sin 6 X2) 
sin (@ + w) 


(71) 
>= ( (cos w X; — sinw Y2) + sin(@+ w) x) 


(cos w Xi + sin w Xz) sin(@—w)X), 
sin 


(70) 


These equations show incidentally that F; and Fy, are the focal points of the 
congruence. 

We denote by 2; and >_ the focal surfaces of the congruence, that is the 
loci of the points F; and and by By, Bs, and the direction- 
cosines of the normals to 2; and 2. From (70) and (71) we find 


Ay = (sin — cos 0X; + 
sim V2(1+ cos 


sin o 


si 
Ay = (sin 6X; — cos x) 


V2(1— cosa)’ 
and similar expressions for the B’s and C’s. 
Hence we have 


(73) 


= 


Consequently we have 

TueorEeM X. For the congruence of the lines of intersection of the tangent 
planes at corresponding points on V; and V the focal planes bisect the angles 
between the tangent planes, and consequently the congruence is normal. 

From (66) it follows that 


A sin 20 


sin o sin(@ — w)sin(@+ 


(74) ay — a, = (X; cos 6 + sin 6), 


consequently the focal distance 2p is given by 


A sin 20 


(79) 2p = Sino sin(@ — w) sin(@+ 


(72) 
cos, EX’ Ay = 008%, 
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7. CONVERSE PROBLEM 


Suppose that we have a pseudospherical congruence, that is the congruence 
of lines joining points of a pseudospherical surface P to the corresponding 
points of a Bicklund transform P,. Using the notation of the preceding 
sections, we note that the direction-cosines of this congruence, namely X 
Y, and z. are of the form 


(76) X = cos 0X; +sin 0 Xo. 
By differentiation we obtain 


ax 
Ou 


ax 
Ov 


sin(@+ w)| (sin 6X, — cos x|, 


sin 
(77) 

sin(@ — w) sin 6X, — cos 6X2) x|. 

From these expressions we derive the following expressions for the coefficients 
of the linear element of the spherical representation of this congruence: 

sin (6 — w) 


F=0 
cos 40 


— sin(@+w) 
(78) Vsé= ( 
sin 30 


It must be remembered that the parametric curves on the unit sphere 
correspond to the asymptotic lines on the focal surfaces of the congruence. 
Since this system on the sphere is orthogonal, it represents the lines of curva- 
ture of a group of surfaces S whose fundamental functions D and D” satisfy 
the Codazzi equations 


79 —( —-(—=)})= 
(79) Ys G dv’ du\ du 


Each set of functions D, D” satisfying these equations gives a surface S by 
means of the quadratures * 


Dax 
(80) 
Suppose we have such a surface S$. Through each normal we draw planes 
parallel to the corresponding tangent planes to the pseudospherical surfaces 
P and P;. The tangential coérdinates W and W, of the envelopes of these 
planes are given by 
W = W, = > 2X’. 


*E., p. 161. 


a 
ka 
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= 
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With the aid of (79) and (80) we show that 


aw a 
+ cos 20W, =0. 


9 = 
cos 2wW = 0, 


Hence the envelopes of these planes are surfaces of Voss, and we have 

THeoreM XI. Jf P and P; are any two pseudospherical surfaces in the 
relation of a Bécklund transformation, there exists a family of surfaces S each 
of which has its normals parallel to lines joining corresponding points of P and P,, 
and, in this correspondence between the surfaces 8, P, and P,, the lines of curva- 
ture on the first correspond to the asymptotic lines on the last two surfaces. More- 
over, the two planes through each normal to S and parallel to the tangent planes 
to P and P, at the corresponding points envelope two surfaces of Voss which are 
in the relation of a transformation Q. 


PRINCETON, 
January 12, 1914. 
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BIRATIONAL TRANSFORMATIONS OF CERTAIN QUARTIC 


SURFACES* 


F. R. SHARPE anp VIRGIL SNYDER 


1. Statement of the problem. It has been shown by Enriques} that if an 
algebraic surface contains a pencil of elliptic curves and also two curves cutting 
each curve of the pencil in two groups of points which are not equivalent 
and which do not possess equivalent multiples, the surface is invariant under 
a discontinuous infinite series of birational transformations. In a more recent 
memoirt{ the same author states that, with the exception of the case in which 


Po = Pa = P2 = p™ = 1, 


the converse is also true, since transversal curves of each curve of the pencil 
can always be found. Since the publication of the second theorem the author 
has discovered that the conclusion must be modified.§ An interesting ex- 
ample of a quartic surface having an infinite discontinuous group of birational 
transformations but not containing any elliptic curves has been found by 
Fano.|| In the following paper it is proposed to study the possibility and the 
nature of birational transformations of quartic surfaces which pass through 
one or more given curves. The method of the basis of a system of curves on 
the surface will be employed, as developed by Severi. J 


* Presented to the Society, February 28, 1914. 

7+ F. Enriques, Sulle superficie algebriche, che ammettono una serie discontinua di trasfor- 
mazioni birazionali, Rendiconti della Reale Accademia dei Lincei, 
ser. 5, vol. 15 (1906), pp. 665-669. 

t F. Enriques, Sulle superficie algebriche con un fascio di curve ellittiche, Rendiconti 
della Reale Accademia dei Lincei, ser. 5, vol. 21 (1912), pp. 14-17. 

§ A. Rosenblatt, Sur certaines classes des surfaces algébriques irreguliéres et sur les trans- 
formations birationnelles de ces surfaces en ellesmémes, Bulletin de l’académie 
des sciences de Cracovie, Juillet, 1912, pp. 761-810. See footnote 1, page 802. 

|| G. Fano, Sopra alcune superficie del 4. ordine rappresentabili sul piano doppio, Ren- 
diconti del Reale Istituto Lombardo, ser. 2, vol. 39 (1906), pp. 1071- 
1086. 

{| F. Severi, Sulla totalita delle curve algebriche tracciate sopra una superficie algebrica, M ath - 
ematische Annalen, vol. 62 (1906), pp. 194-225. 


266 


id 
BY 
3 
|| 


1914] TRANSFORMATIONS OF QUARTIC SURFACES 


1. Quartic SurFAces CONTAINING A STRAIGHT LINE 


2. General case. If a quartic surface contains a straight line it contains a 
pencil of plane elliptic cubics. If it is otherwise unrestricted, the surface 
contains no other rational curves, and consequently no birational trans- 
formations into itself. 

3. Rational curve on the surface. Let the quartic surface contain the 
straight line C; and a rational curve C,, of order n meeting C; in n — 1 points. 
Any plane through C, contains a plane cubic curve C3 on F; that meets C, in 
one point K. The involution defined by projecting C3 upon itself from K 
leaves C3 invariant. Associated with this involution is a Cremona trans- 
formation of the Jonquiéres type, having the polar conic of K with respect 
to C; for invariant curve. This Jonquiéres transformation will be understood 
when we speak of the involution. As K describes C, the involution defines 
a Cremona transformation which leaves F, invariant and transforms every 
C3 of the pencil into itself. When the equations of the surface and of Ci 
and C, are known, the equations of the transformation can be readily derived. 

The system of curves C;, |C3|, and C, constitute a basis, since we are 
concerned with the most general surface which satisfies the conditions.* 
The values of [C;, C,] are 


[C1, Ci] = 2, [C3, C3] = 0, 
[Ci, C3] = 3, [C1,C,]=n-1, 


In terms of the above curves the transformation may be expressed symboli- 
cally as follows. 

Let C1, C3, Cn go into C,, Cs, C, respectively. The equations connecting 
the old and the new curves are found to be 


C1 = 20, + 2(n+1)C3 — 3C,, 
C; = Cs, 


Cr = Ci +2(n+1)C3 — 2C,, 
by the following considerations. To obtain C, we determine the image of 
C, as K describes C,. Draw the lines from K to the three points of inter- 
section of “,; and the plane cubic curve defined by C,; and K. As K describes 
C,, these joining lines generate a ruled surface R containing C,. On this 
ruled surface C, is a threefold curve, and C; is an (r — 3)-fold straight line, 
r being the order of R. The intersection of R with F, is a curve of order 4r, 
consisting of C, counted three times, of C,; counted r — 2 times, since the 
surfaces touch each other at every point of C;, and of a residual curve, the 


* Severi, 1. c. 
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image of C,. The curve C, meets C; in n — 1 points, corresponding to each 
one of which C, counts as a double generator of R, hence r — 4 = 2n — 2. 
The residual curve therefore has the symbol 


2(n + 1) (C3 + Ci) — 2nC, — 3C, 


and is of order 2(n + 1)4 — 2n — 3n. 

It is evident that each plane cubic curve C3; goes into itself. 

The image of C, is the locus of the first tangential of K as K describes C,,. 
The tangents to | C3| at the points of C, describe a ruled surface of order 
2(n+1) passing through C, and touching F, at each point of C,, and 
having C; as a (2n + 1)-fold line. The residual intersection is the required 
image of C,,. 

From K four tangents can be drawn to C; besides the one at K. As K 
describes C,, the four tangents generate a ruled surface Ren»4. of order 2n + 6, 
having C, for a fourfold curve and C, for a multiple line of order 2n + 2, as 
may be seen as follows: The tangent cone to F; from any point P on C, con- 
sists of the tangent plane at P counted twice and of a cone of order 10 on 
which C, is fourfold. This cone intersects the projecting cone of C, from P 
in C,; counted 4(n — 1) times and in 6n + 4 other lines. These 6n + 4 
lines are composed of two groups; those of the first are the 2n + 1 tangents 
to C; at points of C,, each counted twice, and the remaining lines belong to 
the second group. The lines of the second group are generators of the ruled 
surface in question. The residual intersection of Reni with F, is a curve 
C counted twice that remains invariant under the transformation 7. It is 
defined symbolically by the equation 


2C = (2n + 6) (Ci + C3) — 4€, —(2n + 2)Ch, 


or 


As K describes C,, its first tangential K’ describes a rational curve. By pro- 
jecting each C; from the corresponding K’ upon itself, another Cremona trans- 
formation 7’ is defined. Since by 7’ both |C3| and C, remain invariant, 
and since 


= [C1, C3] = 3, [C1,C,] =n 


we easily obtain the equations 


C= Cs=C3, Cr=Ch. 


The determinants of 7’, T’ are each — 1, and their product is 1; the opera- 
tion (7T’) is not periodic. Thus the surface is invariant under an infinite 
number of birational transformations. In any plane the operation ( 77’) 


2 
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can be replaced by the product of two projections of the curve upon itself, 
the center of one of which may be chosen anywhere on the curve. But the 
operation does not define a continuous group, since the C3 associated with K 
has not a constant modulus as K describes C, .* 

Moreover, it can be shown by the same method as that employed by Severit 
that all the effective transformations that leave F, invariant can be expressed 
in terms of 7 and 7’. 

4. One double point on the line. Let all the curves C3; pass through one 
fixed point P on C;, the other points of intersection of C,, C; being variable. 

The surface is evidently invariant under the projection of the surface upon 
itself from the point P; the projection is an involutional Cremona trans- 
formation of the Jonquiéres type. The surface is also invariant under the 
transformation defined by the first tangential of P as in the preceding case. 
Surfaces of this type necessarily contain rational curves which cut every plane 
C; of the pencil in one point apart from the point P. 

Symbolically, the transformation is expressed as follows. For basis we 
may choose C,, C3 and the point P with the following characteristict 


[Ci1, Ci] = -2, [C1, Cs] =2, [C3;, C3] =0, 
[C:,P]=1, [G,P]=1, [P,P]=—2. 


The point P is a double point on Fy. The tangent cone to F, at P is a quadric 
passing through C; the residual intersection is a rational curve of order 7 
which passes through P five times. We have therefore 


[C,P]=5, [G,Cs]=1, [G,G]=-2, 
so that the equations of the projection from P are easily found to be 
S. C; = Cs, 
P=(,+2C;-P. 


The equations of the transformation defined by the first tangential are simi- 
larly found to be 


C, = —C, + 10C; + 4P, 
C; = Cs, 
P=P. 


* Picard et Simart, Fonctions algébriques de deux variables indépendentes, vol. 2, pp. 517- 
518. 

tRendiconti del Circolo Matematico di Palermo, vol. 30 (1911), 
pp. 265-288. 

t For the idea of using a point as part of a basis, see F. Severi, La base minima pour la 
totalité des courbes tracés sur une surface algébrique, Annales de l’école normale 
supérieure, ser. 3, vol. 25 (1908), pp. 449-468. 
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The product (SS’) is not periodic, hence the surface is invariant under a 
group of infinite order. 

5. Line an inflexional tangent. The cases in which two distinct or coin- 
cident points of intersection of C3; and C, are fixed offer no new peculiarities; 
similarly for the cases of three distinct fixed points or of two coincident and 
one distinct fixed points. But the case in which all three points are coinci- 
dent merits special attention. If C, is an inflexional tangent for every C3 
passing through it, the point of inflexion must be the same point for every 
curve of the pencil, as is easily seen by considering the binary cubic whose 
roots define the point of contact. 

An equation of the form 


(x2: 43) + inf (x2: 43) = 


must be a cube in 22: 23 for every value of m; this is possible only when 
@ = kf, k being a constant. 

The equation of the most general quartic surface ®; passing through a line 
(2, = 0,2, = 0) and having the property that every plane section (cubic 
curve) through the line will have a fixed point of inflexion (0, 0, 1, 0) on the 
line and the line itself for inflexional tangent, is of the form 


4 4 
D aie 2: 2X1, = » D 21, 


| 


where 


and 


The tangent plane to F; at any point of the line x; = 0, x, = 0, except the 
point (0,0,1,0), is doe 21 + bee ay = 0, and is a fixed plane throughout 


the line. It is no restriction to call this an x, = 0, so that boo. = 0. 
The equation of the surface now has the simpler form 


x, F; + de = 0, 


4 4 


where 


The point (0, 091, 0) is a biplanar point, the equations of the two tangent 
planes being 
One of these planes may be taken for 2, = 0, by putting ai33 = 0. The 


surface may be mapped on a double plane (x; = 0) by projecting from the 
double point (0,0,1,0). 


id 
# 
4 
i=] k-1 
= A233 = 2333 = boo3 boss b3s3 = 0. 
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The curve of branch points is the intersection of the cone of tangents from 
the double point. By arranging the equation of the surface in the form 


Us + + uy = 0, 
where U2 = %1 + Us = quadratic in x, 24, 
Us = quadratic in 2, + do22 2% 22, 
the equation of the cone may be written in the form 


2 ia) 3 3 == 
Us — Us U4 = Ke = pg te + pate + pote + ps = 0, 
where 
Ps = A222 Xs (A334 bss 24). 


If now a curve exists on F, which meets every plane cubic through the line 
x, = 0, x; = 0, in one point, it must be rational and meet the line in n — 1 
points. 

Projected from (0,0,1,0), the curve lies on the cone gxz — q’ = 0, in 
which q, q’ are binary in 21, x; of orders n — 1, n respectively. 

Since every generator of the cone meets #, in one other point, the locus 
of this residual point is another rational curve lying on ®;. The first necessary 
condition that grz — q’ = 0 shall meet , in two distinct curves is that Q shall 
be a contact curve of K,. If this condition is satisfied, the equation obtained 
by eliminating x2 between K, and Q has only double roots, so that 


3 
is of the form L?/q’. ’ 

These conditions can be satisfied by properly choosing the constants in 
q’ andq. The second condition is that the cone from (0,1, 0,0) through 
the curve of intersection of &, and Q shall be composite. 


By writing the equation of ®, in the form 
(ue + us)? = Keg 
and making it simultaneous with Q, we have 


This will be composite when and only when q is a square, hence a further 
condition is stated in the following 

TuHeoreM. [If a rational curve exists on P, cutting every cubic curve through 
x, = 0, x, = 0 in one point, it must be of odd order. 

If g is a square, it can contain only n/2 — 1 constants, while q’ contains 
n +2 constants, and 3(n +2) relations among the coefficients must be 
satisfied. 
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Since 


3 2 
n+24+5-1= 


it follows that there are not enough constants to satisfy the conditions, hence: 
The general quartic surface through the line x, = 0, x; = 0, having a point of 
inflexion at (0,1,0,0) and 2, = 0, x, = 0 for inflexional tangent on the 
cubie curve in every plane through the line, does not contain any rational curve 
which cuts every cubic curve once. 

The surface does not have an infinite number of birational transformations 
under which it is invariant, but only the involution defined by projecting ®, 
upon itself from the point P. 

6. Inflexional tangent obtained by transformation. More generally, given 
a surface F,, of order m, having the line 2; = 0, x, = 0 for an (m — 3)-fold 
line and a rational curve meeting every plane section through the line once, 
it is possible to transform the surface into a surface of order m’ having an 
(m’ — 3)-fold straight line on it, and having the further property that every 
plane cubic section through the line will have the line for inflexional tangent. 

At any point P of the rational curve the tangent ¢ and any other line n 
through P can be chosen in terms of which the equation of the cubic may 
be expressed in the form 


lt—-n?+---=0, l(p) +0. 


The conic lt — n? = 0 has three point contact with the cubic at P, and 
meets it in three other points P;, P2, P;. By using the triangle P; P2 P; for 
triangle of quadratic inversion, the cubic will go over into a cubic and the 
conic into a straight line having at the point P; (the image of P) three point 
contact with the image cubic. Since a net of conics can be drawn having three 
point contact with the cubic at P, there are two independent parameters, 
enough to make the image line any line in the plane. The codrdinates of 
P,, Pz, P3 enter the equations of transformation symmetrically, and all the 
operations can be expressed rationally. 

But it has been seen that, if every C3; has C, for inflexional tangent, the 
point of contact of C3 with C;, is fixed. 

It is thus shown that a surface containing a pencil of plane cubic curves 
and a rational curve cutting each curve of the pencil once can be transformed 
into another having the given line for inflexional tangent of every plane cubic 
section through it. The converse, however, is not true. In the transformed 
surface sufficient restrictions are imposed on the coefficients to permit the 
existence of a rational curve, and hence of an infinite number. These curves 
are the transforms of the locus of the successive tangentials of P on the original 
surface. 
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2. QuarTic SuRFACES CONTAINING A CONIC 


7. Fs with two coplanar conics. If one plane section of a quartic surface 
is composed of two conics, the number of linearly independent curves on the 
surface is two.* 

Since neither conic is a multiple of the other, the two conics Cz and C; form 
a basis. The surface is regular and of geometric genus 1, and hence the grade 
n and the genus z of any curve C on the surface satisfy the relation 


The curves C are self-adjoint and of dimensionst +. In the preceding cases 
the question of the existence of a birational transformation did not need to 
be considered, as each transformation could be determined by geometric 
considerations. In the present case the existence is not so evident, and we 
shall proceed algebraically. 

Since the conics C2, C2 are rational and meet in four points, any two curves 
AC. + wC2, Co + C2 meet in points, defined by 


t= — + — Quy’, 
and the grade n of AC2 + uC? is given by 
m = — 207+ — 


Hence AC2 + wC:, which is of order 2A + 2u, meets C2 in 4u — 2X points 
and meets C2 in 4A — 2y points. It follows that \ and y are positive integers 
and that neither can exceed twice the other except the cases \ = 1, wp = 0 
and = 0, 7% = 1. We shall now show that C2 form a minimum basis§ 
so that all curves on F, are expressible in the form AC2 + uC2. 

Suppose [ and I” constitute a minimum basis. Then 


= aI + 
2= I’, 


in which a, B, y, 6 are integers. If |I'| is of grade a, |I’| of grade b, and 
any curve |I"| meets |I’| in h points, the grade of any curve /[T' + mI” is 


al? + 2him + bm?. 


* Bagnera and de Franchis, Le nombre p de M. Picard pour les surfaces hyperelliptiques, 
Rendiconti del Circolo Matematico di Palermo, vol. 30 (1911), pp. 
185-238. See page 187. 

+ F. Severi, Complementi alla theoria delle base per la totalita delle curve di una superfice 
algebrica, Rendiconti del circolo matematico di Palermo, vol. 30 
(1911), pp. 265-288, p. 276. 

tF. Sever, Mathematische Annalen, loc. cit., see p. 222. 

§ F. Severi, Rendiconti di Palermo, loc. cit., p.+277. 
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Since \C, + uC? may be written in the form 
(Aa + wy) T + (A8 + 
we have, by making this identical with JT + mI’, 
a(ar + yu)? + 2h(ar + yu) (BA + du) + 6( BA + bu)? 


= — 2d? + 8rAu — 2p?. 
Hence 
(ab — h?) (ab — By)? = -— 12. 


Since a, b, and h are integers, it follows that ad — By = +lor+2. In 
the former case C2 and C; also form a minimum basis. In any case a and b are 
even, hence the value + 2 is impossible, since it requires h? to be of the form 
4p + 3, in which p is an integer. We have therefore proved that the conics 
Cz and C; form a minimum basis. The following table of possible curves on 
F, can now be found. 
Aor wor X Order Genus 
1 0 2 0 
4 3 
6 4 
8 9 

The curves AC; + uwC2, X = yw, are the residual intersections of F, with sur- 
faces of order \ having C2 for a(X — w)-fold curve. All the formulas can be 
readily verified by the Cayley-Noether equivalence and postulation theorems. * 
Hence the conics C2 and C2 are the only rational curves on the surface; the 
curves of genus two are composed of the partial series of tangent planes; the 
only curves of genus three are the plane sections | C2 + C3], ete. 

If a birational transformation exists that leaves F, invariant, every linear 
system of curves is transformed into another linear system of the same grade, 
genus, and dimension. Hence the plane sections must be transformed into 
plane sections and the two conics either interchanged or left invariant. This 
is possible only under a linear transformation, and the general quartic surface 
containing a conic does not admit such a transformation. We may therefore 
conclude: The most general quartic surface subjected only to the condition that 
it must contain a conic is not invariant under any birational transformation. 
 *M. Noether, Sulle curve multiple di superficie algebriche, Annalidimatematica, 
ser. 2, vol. 5 (1871), pp. 163-177. See p. 164 and 168. 

+ L. Godeaux, Sur la surface du quatritme ordre contenant une conique, Société des 
sciences du Hainaut, vol. 62 (1912), pp. 1-8, has considered the problem of possible 
birational transformations of the quartic surface containing a conic. In consequence of the 
restriction \ > 2u (in our notation) which he overlooks, the system of rational curves there 


found are all composite. The proof of the non-existence of involutional transformations is 
also incomplete because not all possible cases are considered. 
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TRANSFORMATIONS OF QUARTIC SURFACES 


3. Quvartics CONTAINING ONE oR Two Space Cusic CURVES 


8. F, through a space cubic curve. Let F, contain a space cubic curve C3. 
From any point P on F, can be drawn one bisecant to C3; which meets F, in 
a fourth point P’. Since the bisecant to C; from P’ meets F; in P, we see 
that F, admits an involutional birational transformation. Through C; 
pass a bundle of quadric surfaces, each meeting F, in a residual quintic of 
genus 2. All the quadrics of the bundle which pass through a fixed point P 
belong to a pencil whose basis curve consists of C3 and the bisecant through P. 
Hence all the quintic curves through P on F; also pass through P’. 

A basis is composed of C3; and a plane section C;. By proceeding as in the 
preceding cases we obtain the transformation 

Cs = 9C, — 5Cs, 
U. 

C3 16C, — 9C3, 
which can be verified as follows: 

The image of a plane section C, is obtained by constructing the ruled 
surface of bisecants to C3 from each point of Cy. The curve C, is a simple 
curve on the surface, and the lines joining the three points of intersection 
of C3 and C, in pairs are double generators. Hence the surface is of order 10. 
From any point of C3 a quadric cone of lines can be drawn meeting C3 again. 
This cone meets the quartic cone to C;, in eight lines, but three of them pass 
through the points of intersection of C3 and C4; hence C; is a five-fold curve on 
the ruled surface. Since (, is the residual intersection of F; and the ruled 
surface, we have 


Cy = 10C, — (Cs + 5Cs). 


The image of (3 is obtained as the residual intersection with F; of the ruled 
surface obtained by connecting each point K of C3 with the point AK’ in which 
the tangent plane to /, at K meets C; again. 

From K can be drawn one generator to K’; from K’ can be drawn six gen- 
erators to points of tangency K. Moreover, the ruled surface and F,; touch 
each other at every point K of C3; hence each generator meets 14 others, 
and the surface is of order 16. The curve C3 counts for nine intersections, 
and hence the residual intersection C3 is defined by the formula 

Cs = 16C, — 9C3. 
The other possible values of \ and yu which satisfy the congruences analogous 
to those of §2 lead to non-effective curves. Hence the surface does not 
admit an infinite number of birational transformations. 

The transformation is a Cremona transformation, the invariant surface 


Trans. Amer. Math. Soc, 19 
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being the locus of the double points of the involution determined on C; and F 
by the bisecants of C3. 

9. F, through two space cubic curves. Consider the general quartic surface 
containing the two space cubic curves C; and C3 which intersect in k points 
0=k=5. A basis may be made of C3, C3 and a plane section C,. The 
involution defined by transforming P into the residual point P’ of intersection 
with the surface of the bisecant of C; through P may be expressed by the 
equations 


Cs = 16C, — 9Cs, 
V. C, = (12 — 2k)C, (6 —k) C3 — C3, 
C, == 90, 5C;. 


The similar involution as to C3 has the equations 
Cz = (12 — 2k) C, — C3 —-(6 —k) C4, 
Cs = 16C, — 
Cy = — 5C3. 
The product of these two involutions is a discontinuous birational transforma- 
tion that is not periodic. 
When & = 5, the curves C; and C; lie on a quadric which meets F, in a conic 
C.. By the transformation V the curves C; and C2 are interchanged. 


Similarly, the curves C3; and C2 are interchanged by the transformation V’. 


CorNELL UNIVERSITY, 
January, 1914. 


ONE-PARAMETER FAMILIES OF CURVES IN THE PLANE” 


BY 


GABRIEL M. GREEN 


INTRODUCTION 


Nets of curves in the plane were studied from a projective point of view for 
the first time by Wilczynski.t As he himself points out,f the theory as set 
up by him is that of the “two component one-parameter families, rather 
than a theory of the net itself.” In the present paper, we shall show how 
a single one-parameter family of plane curves may be studied by Wilczynski’s 
methods. Although many of the projective properties of a single one-para- 
meter family may be investigated by considering it as a component family 
of a particular net,—such properties are in fact noted in Wilezynski’s memoir— 
still the theory of one of the families of the net is closely bound up with the 
properties of the other, if the study be made as in the paper already cited. 
To make this clearer, we must outline Wilczynski’s procedure. 

If y , y, y™ be interpreted as the homogeneous coérdinates of a point 
in the plane, the equations 
(1) y =f (u,v) (k =1, 2, 3) 


define for wu = const. and » = const. two one-parameter families of curves. 
Equations (1) are a fundamental system of solutions of the completely in- 
tegrable system of partial differential equations 


= AYu + by + cy, 
(2) + b’y +e’ y, 
as a” yu t +e" y, 


any fundamental system of solutions of which, say 9 , y , 7 , will be of the 


form 
G™ = cr y™ + y + y™, +0 (k=1, 2,3) 


where the c’s are constants. The differential equations therefore define the 


* Presented to the Society October 25, 1913. 
t One-parameter families and nets of plane curves. These Transactions, vol. 12 
(1911), pp. 473-510. 
t Loc. cit., p. 478. 
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configuration (1) and all its projective transformations. The most general 
point transformations which leave unchanged the configuration (1) are com- 
posed of transformations of the form 


y=A(u,r)y, 
which leave every point of the plane fixed, and 
i= U(u), t=V(v), 


which leave invariant each of the families wu = const., v = const. Suppose 
these transformations to be made on the differential equations (2). Those 
properties of (2) which remain unchanged under these transformations will be 
characteristic of the net (1) and of all its projective transformations, i. e., 
they will be projective properties. Invariants are those functions of the 
coefficients of (2), and of their derivatives, which remain unchanged under 
these transformations, except possibly, for a factor depending only on the 
transformations. Covariants have the same nature and properties, but 
contain also the variable y and its derivatives. 

Now evidently the projective properties of the net, as expressed by the 
vanishing of invariants thus found, can not all be characteristic of a single 
family of curves of the net, say the family uw = const. For instance, the 
condition that the curves v = const. be straight lines is obviously from the 
first of equations (2) the vanishing of the invariant b; this has, however, 
nothing whatever to do with the properties of the curves u = const. But the 
invariant equation a” = 0 is the condition that the curves u = const. be 
straight lines, and is therefore characteristic for that family. 

Again, the covariants of the net have the following geometric interpretation. 
The tangents to the curves of one family, constructed at the points where 
these curves meet a fixed curve of the other family, have a covariant curve as 


envelope. Evidently neither of the two covariants thus obtained is intrin- 


sically connected with the single family of curves u = const. 

The theory of the net of curves, as developed by Wilczynski, is therefore 
not applicable in its present form to the study of a single family of plane 
curves, say the curves u = const. defined by (1). We shall in the sequel 
modify his theory so that it may be used for the theory of a one-parameter 
family of curves, by making this family one of the components of a net, in 
which the second family bears an intrinsic geometric relation to the given 
family. 


1. THe ONE-PARAMETER FAMILY OF CURVES AS PART OF A CANONICAL NET 


The most general transformation of the independent variables which leaves 
fixed the family of curves u = const. defined by equations (1) is 


| 
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(3) i= U(u), 

By means of this transformation we can change in the most arbitrary way the 
system of curves v = const. which cut the curves u = const. We seek a 
particular transformation of form (3) which will associate with the family 
u = const. a family v = const. intrinsically related to it. For a family of 
space curves which do not lie on a developable surface and which are not 
asymptotic curves on the surface determined by them, there is a very evident 
choice of a second family, namely the conjugate system of curves.* For the 
system of plane curves there are of course isogonal trajectories, but isogonality 
is not a projective property. There is in fact no obvious projective relation, 
analogous say to the relation of conjugacy of curves on a surface, of which 
we can make use here. We proceed to determine a family of curves v = const. 
which have a projectively intrinsic relation to the given family wu = const., 
but the relation is by no means so simple as that of conjugacy on a curved 
surface. 

Let us carry out the transformation 


(4) i=u, 1=o(u,?), 
which is included in (3), on the system of differential equations. We have 
Yu Yu + Yo dus Yo = Yor; 
Yuu = Yuu + uv bu + Yor Gi + Ju + Hv Guus 
Yur = Yuv + Yor bu hv + Yo 
You = Jor bo + 
where we have written j, for dy/di%, for dy/dt, etc. Substituting these 
equations in (2), and solving for the new second derivatives Jun, Juv, ov, 


we obtain a system of differential equations of the same form as (2), with 
coefficients @, b, ete., given by 


(9) 


2 3 
“ 


(a — 2b’) dy, + bd, + (b” — 2a’) 


9 
Ou 


(6) 
do 
* The author has already carried out this idea in a paper entitled Projective Differential 
Geometry of One-parameter Families of Space Curves, and Conjugate Nets on a Curved Surface, 
to appear in the American Journal of Mathematics. 
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Let us put 
1 ” la, 
=a —3(a +b 


a 


and calculate the corresponding quantity 2%’. We have 


= 6. [a — 3(a +5) 45 | 


” 


la, 
” — — — 
a 3(a’+b as, 
Pu 
dy 
We may therefore make X’ vanish by taking for $ a solution of the partial differ- 
ential equation of the first order 


(8) a” —U' = 0. 


This choice of @(u,v) gives a uniquely determined family « = const. 
For, from (7) we see that the most general transformation of the independent 
variable v which leaves the condition 2%’ = 0 unchanged is independent of u; 
also, the condition will be found to remain invariant under any transformation 
i = U(u). Consequently the family 7 = const. bears a characteristic rela- 
tion to the family i = const., of such nature, that it remains undisturbed only 
by those transformations of the independent variables which are of the form 


—a 


u=U(a), 


We can make this clearer by inquiring into the geometric meaning of the 
relation 2’ = 0. This condition has been interpreted by Wilcezynski.* We 
shall give here an adequate description of the geometric nature of the net, 
but must refer to Wilezynski’s memoir for the demonstrations. 

Consider any net u = const., v = const. At each point of a fixed curve 
u = const. construct the tangent to the curve »v = const. which passes through 
that point. The «! tangents so drawn will envelop a curve. The family of 


* Loc. cit., p. 504. 
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curves corresponding in this way to the family u = const. is given by the 
equations 
p® = y® — b’ (k =1, 2,3), 
or, aS we may say, by the covariant (of the net) 
p=y—d'y, 
for u = const.* Thus to every point P, given by the equations 
y® = f® (u,v) 
corresponds a covariant point P,. In the same way, a covariant 
gives points P,, which for » = const. trace the envelope of the tangents to 
the curves u = const. at the points where these curves meet the fixed curve 
» = const. given by y. We have then at any point P, two lines, tangent 
respectively to the curves wu = const. and v = const. which pass through P,, 
and on these two lines the respective covariant points P,, P,. 
Now construct the conic which osculates the curve wu = const. at P,. 
The line P, P, cuts it in a pair of points, which are harmonic to the pair P,, P, 
if and only if X’ = 0.7 


Let us call the net so determined the canonical net. The covariants 


(9) F=H-WG 


will give for each point P, two points P; and P,, and the line P, P; will be 
the polar of P; with respect to the conic which osculates the curve uw = const. 
at P,. We proceed now to show geometrically how the family « = const. 
determines the second family, 3 = const., of the canonical net. Of course, 
the best we can do is to find at each point P, the direction of the line P, P;, 
since the determination of the family + = const. itself requires the integration 
of equation (8). 

Suppose known only the family of curves u = const. Draw the tangent ¢ 
and the osculating conic C at P,. Consider any line / through P,. Its pole 
with respect to the conic C is a point Q ont. The tangents to the curves 
u = const. at the points where these curves meet / envelop a curve; let R be 
the point of this curve which lies on ¢. Consider now the pencil of lines [7] 
through P,. The corresponding poles will be a range [@] on ¢; corresponding 
to each Q will be a point R given by the construction above. The ranges 
[Q] and [R] are in one to one correspondence. There are two double-points 
Q = R; one of them is the point P,, the other a definite point which is in 


*E. J. Wilczynski, loc. cit., p. 486. 
{ E. J. Wilezynski, loc. cit., p. 504. 
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fact the covariant point P;. The polar of P; with respect to C gives a certain 
direction passing through P,. This will give the direction of P, P;, although 
the point P; is not thereby determined. It is possible, therefore, to construct 
at each point P, the direction P, P;; the «* directions so constructed give 
on integration the second family, = const., of the canonical net. 

Since the canonical net is completely determined by the given family of 
curves u = const., it follows that the invariants and covariants of the net 
are invariants and covariants of the given family of curves. Thus the quanti- 
ties p, ¢ given by (9) are covariants of the family uw = const. The invariants 
may be calculated as in Wilezynski’s memoir. Put 


(10) fu=at+d', f, =a +b", 


1F 
3Jus 


= ¢’ + 4a’ fu + 30’ fo 4 hus fu = 


= + 30" fu t+ 3b" fo — 3 fu — 
Then every invariant of the canonical net, and hence of the family of curves 


u = const., is a function of the following fundamental system of invariants 
and their derivatives:* 


¥ 
(12) W=A 


= A", wai A. 94” + A” B’. 


The last statement is evidently true from a geometric point of view; analy- 
tically, it may be verified as follows. In equations (6) appear the first and 
second derivatives of 6. From (8) we obtain by differentiation the equations 

du a. 
du a, 
By means of these and (8) we may eliminate from expressions (6) all deriva- 
tives of @ but one, say ¢,, except in the expression for 6”, from which ¢, 
and ¢,» cannot be removed. In all of the expressions thus obtained ¢, comes 


_ 


(13) 


* The invariant YW’ = A’+ j tC is of course identically equal to zero. 


A=a-37,, B=b, C=é+4af.+40f, bf, 
A B=) 
a) 
= 0 — 28° + 4’ B, 
+65” C’+ A’ B 
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out as a factor; moreover, in the invariants (12) 6” occurs only in combina- 
tions from which ¢,, disappears. It follows upon calculation that except for 
extraneous factors (powers of o»), the invariants (12) are expressible rationally 
in terms of the coefficients of the original system of differential equations (2), 
and the derivatives of these coefficients. 

The covariants (9) are expressible in the same way; we have, in fact, 

u - 1 
Yo =~ o> 


Pv dy 
so that on calculating the values of @’ and 6’ we obtain 


Yu — Yo — — t+ on 


a 


Yu = Yu 


(14) 
got = 


All covariants of the canonical net are functions of these, of y, and of 
invariants; it may be shown, moreover, that the complete system of invariants, 
as set up by Wilczynski, is expressible entirely in terms of the coefficients 
of (2). We may state our results as follows: the projective geometry of a one- 
parameter family of plane curves may be investigated by the study of a canonical 
net whose determination requires the integration of a partial differential equation 
of the first order. This integration is however unnecessary for the formulation of 
the projective properties of the one-parameter family of curves, since the invariants 
and covariants of this geometric configuration are expressible entirely in terms 
of the coefficients and variables of the original system of differential equations 
which define the one-parameter family as one component family of a net in which 
the second component family is arbitrary. 


CANONICAL DEVELOPMENT FOR A ONE-PARAMETER FAMILY OF 
PLANE CURVES 


Suppose the family v = const. has been determined so that it forms with 
the given system u = const. a canonical net. We have then 


(15a) = 
= aYu + bij. + cy, 


(15b) ju = jut + 


Goo = + + 


The second derivatives of 7 are therefore expressible linearly in terms of 
p, 7, 9; the same is easily seen to be true of all higher derivatives of 7. We 
have, then, in general, 
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(15e) a) p + po» + 
where the a’s, 6’s, and y’s are functions of the coefficients in (15b) and of their 
derivatives. Thus 

0) = Bo 0, 

=, yO = 


from (15a). We may call these “ coefficients of the first order.” The coef- 
ficients of the second order are 


a) = = b, = ¢+ ab’ + ba’, 
(16) aM =a, = + 

aM =a", Be = =e’ 
Some of the coefficients of the third and higher orders are expressible in more 
than one way; this results from the fact that an expression like 


p + Bev + yen 


may be found either from dj,./0% or from Oju./d%. We suppose that in 
every case two or more expressions for the same coefficient are identically 
equal* (for all values of i and a). Thus, we have 


a) = 4,+ +4 b' +e =4, + aw’ + ba’, 


etc. There is no theoretical difficulty in the calculation of these coefficients, 
which we leave for the present. 

Let P; be any point of the plane. We may suppose without loss of gen- 
erality that for P; the parameters 7, 3 have the values 0,0. Assume that 
about P; the geometric configuration is regular, so that for a sufficiently 
small neighborhood about P; we have the expansion 


Y = + Gut + +3 + + + 


where Y corresponds to general values of the parameters %, 3. By using 
equations (15) we find, therefore, 


(17) Y=nptyotysy, 


where y1, Y2, ¥3 are the following power series in 


* The equality of the pairs of expressions which represent the six coefficients a@, B@), 
y@) , a2), 392), y{2 is sufficient to ensure the equality of ambiguous expressions for all other 
coefficients. In fact, the six equations expressing the uniqueness in value of a® , 8°, etc., 
are the conditions of complete integrability for the system of differential equations (15b). 
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+ $a: + +4 gy hig + 2 


6+ 0 4b" 
+ + + 3 (2) up + 
+ The + Tha) + 1 + 4813) ain 
+ 2 ny (30) + + Pay?) + 47) 
in which terms omitted are in each case of higher order than the last term 
written. 
Except for isolated points 7 of the plane, the covariant points p, ¢ which 
correspond to the point 7 form with 7 a non-degenerate triangle, which we 


shall take as a moving triangle of reference. A point whose three coédrdinates 


are 
= xp + + 23 (k =1, 2,3), 


or, aS We may say, a point given by 


will have coérdinates 2;, 22, x3 when referred to the covariant triangle P,, 
P;, P;, if the unit point of the new coérdinate system be properly chosen. 
Hence the point Y, given by (17), has coérdinates y1, y2, yz; when referred to 
the triangle P;, P>, P;. 

We now introduce non-homogeneous coérdinates £, 7, by putting 


Y3 


We have, to terms of the third order, 
CM G+ C™ 
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where 


Ceo 5” Can = 24’ — Co) aa = 


5” + ay + of! — 
(2) 3a” + + 2a’ yD — 
(103) a” + a yO (03) 


We therefore obtain for — and 7 the following expressions, the one for £ being 
exact to terms of the fourth order, and the one for 7 being calculated only to 
terms of the third order: 


+30"? 
+ AS 4+ AD +4+ AW 4+ AM 
(20) + AM + AS BF + AM E+ AM GF 4+ AO 
ba? + — 
+ BO B+ BO B GF BO P+..., 


where 
Ae) = 2 ab’ + AGD = + ca, 
AG® d — 35 +3 + C9) 
ASD 5a’ + a’ + + Cen 
Am 2) 3a 21) +3 1 Ceo + a’ can 
+ + (12) 
A) =% 3a’ +3 1 a”’ Can + a’ + (3) 


Ao = — 3a (03) + 


B® = 180) — 15h’, Bey) = — — b+ CM, 
BO = 2 (12) — + Cap 
B®) as 2 3103) 4a + (12) 


We wish to express £ as a power series in i and yn. We have from the second 
of (20), to terms of the fourth order,* 


* Our subsequent developments are valid even though the last term in the second of equa- 
tions (20) is of the third order. 


(19) 
| 
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+ — 24’) 2B BF 
+ [2B2) + — 2a’)] @ + 
+ [2B — 2a’)?] 
We have therefore, exact to terms of the fourth order, 
3 (b” — 2a’)n', 
iin? — bi® n — — 2a’) ain’, 
— — — 20’) x’, 
— bi? n (b” — 2a’) at — n 
+ — 2a’) — — 2B ain? 
[3 (b” — — 2B) 
Substituting these in the first of equations (20), we obtain 
+ A™ B+ [AM — + 2G” 
+ [A™ — (b” — 2a’)] 


+ [A — — 2a’) A™ +4 3a” (b” — 2a’)? — B® ] 
{( AGD — 3a’ + 48) — b, 492) _ g’”’ BO) 


+ +{A% G+[ AS — — 2a’) AD 
+ {[A% (b" — 2a’) A™ — a” BY] G+ 


We have here arranged the expression for £ in three parts. The first part is 
a power series in & alone, the second part is a power series in 7 alone, and the 
third part is a power series in 7 whose coefficients are power series in i. 

Since the triangle of reference is a covariant triangle, we might expect the 
coefficients in the development to be invariants; but not all of them are, 
because the parameter @ is not chosen in any unique way. In fact, in the 
part containing powers of @ alone, none of the coefficients is an invariant, 
while in the part containing powers of 7 alone all of the coefficients are invari- 
ants. In particular, the coefficient of n° vanishes identically: 


(23) — — 24’) = 0. 
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Again, in the part which contains powers of both % and 7, we have enclosed 
the coefficient of each power of 7 in a brace { }. Only the first coefficient in 
each brace is an invariant. Thus, in the term 


(24) {( A@D b) (ASD — — g” BO ) 
the quantity — 3a’ is an invariant, while — — B® is 
not. In fact, following out the notation of Wilezynski, we may verify that 
A® — = 
(25) — — a” BO = — 1H B’) — A” BR’ — 3(H, B’) 
25) (H+%" 8), 
where 


1b, 
ai b, = 3 (20-4) 
B’) x By a’ (a 2b’) a’’, 
(H, B’) =H, + BH =H, 
are invariants of the canonical net. Then the second of (25) is not invariant, 
since the quantity @ — 26’ is not. 
If instead of the parameter % we choose a uniquely determined parameter 
7, it will be possible to transform (22) into a new expansion in which all the 


coefficients are relative invariants. This may be done by taking for 7 the 
part of (22) containing powers of a alone, i. e., 


(26) 


the inversion of which gives 


Each brace in (22) becomes a new power series in 7, with invariants as coef- 
ficients; thus, in particular, the term (24) becomes 


B) BY) +H" BW —3(H, B’)] A+ 


The coefficient of * in (22) is found without much difficulty to have the 
value 

~ &§ 


B’), 


so that we have the development 


F 
4q 
| 
i= 7 2b’)? 
= 7? 2b’) +---. 
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+ {92D 72 4 
+ {90 4 72 4 


where 6°*” , the coefficient of 7‘ 7’, is a relative invariant of the canonical net. 

We may make some further transformations, which will yield a development 
with absolute invariants as coefficients. The coefficients in (26) are of course 
constants, being the values of the corresponding invariants for the values 0, 0 
of the arguments %, 3. Consider the invariant 6‘); it is easily verified that 
the point transformation 


ua=U(ai), t=V(3) 


(27) 


changes it into 
1 1 
where U’ and V’ are the first derivatives of U and V. The same trans- 


formation changes the invariants @” and 6 into 


Therefore 
(29) 
Let us put 


(30) 
Then the quantity 


is an absolute invariant. In fact, the transformed quantity is seen from (27) 


and (28) to satisfy the equation 
[a = 


If, then, in the expansion (26) we put* 
(31) y=m, t=ur, 
we obtain the final canonical development, 
(32) + {yen P+] P+... ly 
+ ly? 
t+ 


the coefficients of which are all absolute invariants. 


* The transformation (31) leaves fixed the covariant triangle Pj, Ps, Pz. 
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In recapitulation, we state the result: 
A one-parameter family of analytic plane curves, given by the equations 


y® =f (u, 0) (k= 1, 2, 3) 


for u = const., may be represented in the neighborhood of a regular point by the 
canonical development (31) for t = const. In this development all the coefficients 
are absolute projective invariants. The triangle of reference which gives rise to 
this development is the covariant triangle P;, P;, P; , of which a purely geometric 
interpretation has been given. The parameter t is uniquely determined as an 
analytic function of the old parameter u. 

In the derivation of this canonical development, the essential steps to be 
noted are first, the determination of a triangle of reference which bears a 
covariant relation to the one-parameter family of curves (considered apart 
from any net of which it may be a component family), and secondly the 
characteristic choice of the parameter ¢. From the results stated in §1, 


we see that the absolute invariants which enter into the canonical develop- 


ment as-coefficients are all expressible rationally in terms of the coefficients 
of the original differential equations which define the family of curves as a 
component of a net in which the second family bears only an accidental rela- 
tion to the given family. Our canonical development is therefore independent 
of the integration which is necessary to determine the canonical net. 
COLLEGE OF THE City OF New York, 
October, 1913. 
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THE MINIMUM OF A DEFINITE INTEGRAL FOR UNILATERAL 
VARIATIONS IN SPACE* 
G. A. BLISS anp A. L. UNDERHILL 


For the problem of the calculus of variations with fixed end points, the 
curves which minimize an integral of the form 


J = F(x,y,2,2',y',2')ds 


have previously been studied, provided that the minimizing are along which 
the integral J is taken is free to traverse any portion of space or restricted 
to lie entirely within a given region R. It may happen, however, that while 
no extremal joining the two fixed end points exists, which is entirely interior 


to a region R, yet there may be a minimizing curve consisting partly of arcs 


interior to the region and partly of arcs along its boundary. This gives rise 


to the problem of investigating the properties which characterize a minimizing 


- 


Fia. 1. 


curve lying partly on a given surface S, while the variations with which it is 
compared are restricted to lie on one side of the surface, a problem analogous 
to one in the plane which has been discussed by Bliss.t For this problem in 
space a number of necessary conditions have been derived by other writers, 
but the theory of the analogue of Jacobi’s condition is still incomplete. 

* Presented to the Society, December 27, 1913. 

{ These Transactions, vol. 5 (1904), pp. 477-492. 
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Suppose that the are E, whose minimizing properties are to be investigated, 
consists of three parts Ep, Ey, and E23, as shown in the accompanying 
figure (Fig. 1). The arc E12 must be an extremal of the integral J on the surface 
S , while the other two, lying on the same side of S and joining the end points 
of Ey. to the two fixed points 0 and 3, are necessarily extremals in space and 
tangent to the are Ey.. For the corresponding situation in the plane, the 
analogue of Jacobi’s condition requires only that Jacobi’s condition itself be 
satisfied by each of the arcs Eo, and E23. For the problem here considered, 
however, there is in general more required than this. It is not sufficient, in 
order that E shall minimize the integral, that no conjugate point to 0 lies on 
the extremal arc Eo,, and no conjugate point to 2 on the are E23 .* 

It will be shown in the following pages that from the two parameter family 
of space extremals passing through the point 0, a set containing Ey, and 
depending upon a single parameter may be selected, each curve of which is 
tangent to the surface S at a point of a curve C through the point 1. Through 
the points of C a one parameter family of extremals on S can be passed, each 
one of which is tangent at a point of C to one of the space extremals through 
the point 0. Again at any point of one of the single infinitude of surface 
extremals so determined, there is a space extremal tangent to the surface 
extremal and lying on the required side of the surface. These form a two 
parameter family of space extremals tangent to S. 

Two new conditions, analogues of the Jacobi condition in the plane case, 
will be established; (1) the are £2 must not contain a point of contact with 
the enveloping curve of the one-parameter family of surface extremals above 
mentioned; and (2) the arc E23; must not contain a contact point with the 
enveloping surface of the two parameter family of space extremals constructed 
as above tangent to the surface S. 

The necessary conditions hitherto derived and the two analogues to the 
Jacobi condition described in the preceeding paragraph, when strengthened 
in a manner customary in the calculus of variations, are sufficient to insure 
that the curve E actually minimizes the integral J. 


1. Necessary ConpiTions HituHerto DERIVED 


Let the curve E joining the points 0 and 3, whose minimizing properties 
are to be studied, have the equations 


(E) z=2z(s), y=y(s), z= 2(s) 


where s is the length of arc measured from the point 0. The curve is supposed 


* See a remark by Hadamard in his Legons sur le calcul des variations, p. 457. 
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not to intersect itself and is made up of three pieces, each of class C”’ ,* as 
shown in Fig. 1. 
The surface S, on which Ey, lies, has equations of the form 


(S) t=§&(a,8), y=nla,B), 2=f(a,8). 


It has no points in common with Eo; and E23 except 1 and 2, and is further 
supposed to have no multiple or singular points and to be of class C’” in the 
vicinity of 

The function F in the integral J is assumed to have the following properties 
in a region R of points (2, y, 2,2’, y’, 2’) for which (x, y, 2) ranges over 
a neighborhood of E, while (2’, y’, 2’) are any values not all zero: 


(A) F is of class C’”’; 
(B) F(x, y,2, xx’, xy’, xz’) = «F(z,y,2,2',y',2') (x >0); 
(C) F, +0. 


The property (B) is the usual homogeneity property of the function F 
which makes the value of the integral independent of the parametric repre- 
sentation of the curve along which it is taken, while (C) specifies that the 
problem is a regular one. 

If E is to minimize J , then it must satisfy a number of necessary conditions 
which are already known and which may be stated as follows: 

(I) The ares Eo; and E23 must be space extremals satisfying the differential 
equations 


d 
ds 
J® =F, 


(1) 


d 
= 


(II) Along the are Ey. the equations 


J@ J™ J@ 


(2) X~ 


must be satisfied, where X, Y, Z are the direction cosines of the normal of 
the surface S in the direction toward the side of S on which Eo; and E; lie, 
while \(s) is merely the notation for the function of s defined by the three 
ratios; 

 * An are is said to be of class C() if the derivatives of the functions defining it up to and 


including those of order n are continuous, and if the expression Vz” + y’” + z” is everywhere 
different from zero along it. 

t For the definition of F, and a “ regular problem ” see a paper by Mason and Bliss, these 
Transactions, vol. 9 (1908), p. 444. This paper will be referred to hereafter as M. 
and B. 


7 F, = 0, 


294 G. A. BLISS AND A. L. UNDERHILL: 
(III) Along Ey, the inequality \(s) 5 0 must hold; 
(IV) The function 
E(2,y,2; 2, y',23 
= F(x,y,2,p,9,7) — 
— (x, y,2,2',y',2)—rFy (2, y,2,2',y',2) 


must be positive or zero for all values (2, y, 2,2’, y’, 2’) on the are Eg; 
and for arbitrary values (p,q,7r) + (0,0, 0); 
(V) At the points 1 and 2, Zo, and E23 must be tangent to the are Ey; 
(VI) The are Eo; must not contain a point conjugate to 0 between 0 and 1.* 
From the property IV it follows that the quadratic form 


Q(z, y,2; 2’, 
= + Fy'y + r 
+ gr + 2F rp + 2F pq 


must be positive or zero for the arguments described for E.{ The sign of Fy 
must therefore be positive, and it can be shown that Q = 0 for all values 
(2, y,2,2’,y’,2’) in the region R and for arbitrary directions (p,q, r) .t 
Furthermore Q vanishes only when the directions 2’, y’, 2’ and p, q, r are in 


the same line.§ The same properties hold for the E-function, with the further 
restriction that E vanishes only when 2’, y’, 2’ and p, q, r are identical (not 
opposite) directions. || 

The condition II can also be stated in terms of the integrand 


f(a,B,a’, 6’) =F(E,n, + B’, na’ + ng B’, + B’) 


of the integral 


(3) f(a, B, a’, B’)ds 


* For the conditions (I), (IV), (VI) on the ares Eo; and E2;, see M. and B., loc. cit., pages 
443, 455, 453, respectively. For (II), (111), (V), see Hadamard, loc. cit., pages 133, 179, 456. 
There is an exceptional case to (VI) mentioned in M. and B., p. 453, which can, however, be 
treated by a consideration of the second variation instead of the geometric proof used by them. 
The proof that the condition (IV) must hold along the are £,2 can be made in a manner analo- 
gous to that used for the other arcs. It is somewhat more difficult because the variations 
are restricted to lie on one side of the surface S. 

t M. and B., p. 455. 

t The argument is like that of M. and B., p. 456, for the functions P,’,’, F,’,’, F.',’. 

§ M. and B., p. 456, formulas (40). 

|| The proof of this statement may be made by means of the formulas in M. and B., but 
more elegantly by the use of the results of Behaghel Mathematische Annalen, 
vol. 73 (1913), p. 596. The functions A, B, C used by him may become infinite for directions 
parallel to the axes and the validity of his proof is questionable in such cases, though his 
result is correct. The justification for these statements will appear in the near future in a 
paper by Bliss. 
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taken along curves on the surface S. Along £2 the parameters a and £ are 


functions 
a=a(s), B = B(s) (:S8S8) 


which are of class C’’. After an easy calculation the Euler equations for 
the integral (3) are seen to have the form 


fa = J@ + Jw Na + = 0, 
(4) 


d 
fs — I? +I = 0, 


and these are satisfied along E2 on account of the condition II. 
Furthermore the function* 


= a’ Bp’ a” 


has the values 


hi = Q(z, 2; y’, 2"; Na» a) Q(x, 2; 2’, y’, 2; 


B” a” 
where 
One of these expressions is always well defined and different from zero, since 
the derivatives zx’, y’, z’ can coincide with at most one of the codrdinate 
directions on the surface. The problem of minimizing the integral (3) on the 
surface is therefore a regular one, and Ey, is one of its extremals. 

If a space extremal satisfying the condition I is tangent to a surface ex- 
tremal satisfying IT, then at the point of contact there is a relation between 
their curvatures which will be of service later. Let the elements of the second 
order on the two extremals at the point of contact be, respectively, 


and 


From equations (1) and (2) it follows that 
(5) = JM — Jo, AY = JH — Jw, = J — Jo, 
and 
— + ¥(y" — 9") + Z(2" — 2")} 
= — 8") (J — +4 (y" (JM Jw) 
+(2" — 2”) (J@ — J) 


— — 2"). 


= O(2z,y,2; 2',y',232 


* See Bolza, Vorlesungen wiber Variationsrechnung, p. 196. 
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This last expression can vanish, however, only when 
where « is a value which may be zero. In case it does vanish the equations 
(5) show that \ = 0, as a result of the homogeneity properties of the func- 
tion F.* Hence the following lemma is true: 
Lemma 1: If \ + 0 at the point of contact of a surface extremal with a space 
extremal, then at that point the inequality 


+ + Zz" Xz" + Yj” Zz" 


holds; or, in other words, the projections of the first curvatures, 1/r and 1/r, of 
the two extremals on the normal to the surface are different. 

From this point in the paper it will be assumed that the are Eo; satisfies the 
conditions I, II, IV, V and the modified conditions 

(III’) A(s) > O along Ly»; 

(VI’) the arc Ep; does not contain a point conjugate to 0 between 0 and 1 
or at 1.7 

On the basis of these assumptions further conditions, analogous to Jacobi’s 
conditions for the usual form of the problem, will be derived. 


2. THe TuHree Famities OF EXTREMALS ASSOCIATED WITH 


The totality of solutions of the differential equations (1) passing through 0 
contains two arbitrary parameters. As a result of the hypotheses made upon 
the function F they may be represented in the form 


(6) z=G(8,u,v,w), y=(s,u,r7,w), 


the parameters u,v, w being the direction cosines of the positive tangent to 
the extremal at the point 0. The particular extremal EK; is contained in 
this set for wu = uo, v = %, W = Wo, and the functions ¢, ¥, x, os, Ws, Xe 
are of class C’ in neighborhoods of the two sets of parameter values 


s=(Q, =1; 
=U, 0 = %, WwW = Wo 


of which the second set defines the curve Ey,;. At.the point 0, where s = 0, 
the following identities in wu, v, w hold 


= o(0,u,v,w), yo = y(0,u,v,w), x(0,u,v,w). 


*M. and B., p. 441, formula (5). 
+ The condition VI’ is necessary except in one singular case. See M. and B., p. 453. 
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Let the notation A(s, u,v, w) designate the determinant 
du. Gv dw | 
ve 
Xe Xu Xv Xw! 


A(s,u,v, w) =| 


0 u v w | 

On account of the condition VI’ it follows* that 
(7) A(s, Uo, %, Wo) (0<s=s;). 
The equations 

E(a, B) + wX o(s, v, w), 

n(a,B)+oY ¥(s,u,v,w), 

= x(s,u,2,w), 
have an initial solution (a, B, w; s, u,v, w) = (a1, Bi, 0; 81, Uo, %, Wo) 
corresponding to the point 1, at which the functional determinant for a, 8, w 
is different from zero. Hence these equations have solutions 


(8) a=a(s,u,v,w), B = B(s,u,v,w), w= w(s,Uu,v, w) 
of class C’ near (81, Uo, %, Wo) and reducing to (a;, 81,0) at these values. 
The derivatives of w at the point 1 are readily calculated to be 

+ + Oy, = X bu + + 

Xd» + Yy + Ow = X bw + + ZXxw> 

= X does + + ZXes Le? Bs 

= Xx" + Vy" + Ze” — + + 22”), 
where the notations in the last line are the same as those of the preceding 
section. The set (2, y’,2z’’) belongs to Eq: at the point 1, and the set 
« to Ex. 

The solutions (s, u,v, w) of the equations 

(10) w(s,u,v,w)=0, w+etw’=1 


determine points where the extremal (6) is tangent to the surface S. On ac- 
count of the tangency of Ey: and Ey, it is evident that among the solutions 
are the values (81, Wo, %, Wo). On the other hand the determinants of the 
matrix 


Wss Wsu Wsv 


* See M. and B., §3 and p. 453. 
+ For the definitions of L, M, N and their relations to the first curvature, see Scheffers, 
Anwendung der Differential und Integral-Rechnung auf Geom etrie, vol. 2, page 494 (D). 
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cannot all vanish at (8,, uo, %, Wo). At these values = 0 since Ep) is 
tangent to the surface S; but from equations (9) and the property (7) it follows 
readily that the determinants of the last two rows can not all vanish; and 
from III’ and the lemma of the preceding section, w,, is different from zero. 
The equations (10) therefore have solutions for s and two of the variables 
u,v, w in terms of the third, passing through the values (81, uo, %, Wo) and 
of class C’ near them. 

These solutions and the equations (8) determine a one parameter family of 
values 


a=a(r), B=B(r), s=a(r7), 
u=u(rT), v=v(7), w= w(r)* 
of class C’ near r = 0, which in turn determine a curve 
(C) a=a(r), B=B£(r) 
on the surface S and a one parameter family 
«= o[s,u(r), w(r)] = o(s,7), 
(11) y= ¥[s,u(r), w(7)] = ¥(s,7), 
= x(s,7), 
of the extremals (6). Through each point of C there passes a unique extremal 
of the set tangent to the surface S. The functions (8,7) and (8,7) are 
of class C’ near the values 8 = s = 81, t = 0, which define the arc Ey, with 
similar properties for y and x. 

On account of the hypotheses on the function F and the resulting properties 
of f, it is possible to prove the existence of a one parameter family of extremals 
on the surface S satisfying the differential equations II or (4), and such that 
each extremal passes through a point of C, and has the direction determined 
by the corresponding space extremal of the set (11) tangent to S at that 
point. Let the length of arc along the surface extremal be denoted by o and 
be measured so that ¢ — o(1) is the length of are from C. 


There exists, then, a one parameter family of surface extremals with equations 
on the surface of the form 


(12) a=A(o,7r), 8B = 
or, in space, of the form 
(13) y=nl[A(o,r), 
z=¢[A(o,r), 


* The parameter 7 will be u — wo, v — vo or Ww — We. 
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where the functions §(a0,7) and £,(¢,7) are of class C’ near the values 
defining the are Ey2. Along the curve C the relations 


with similar ones for y and x, are identities in r. They express the fact that 
at a point of C the surface extremal (12) and the space extremal (11) are tangent 
to each other. 

Through each point of an extremal on the surface S determined by the 
equations (12), there passes a space extremal whose direction at the point of 
intersection coincides with that of the extremal on the surface. This extremal 
must satisfy the differential equations I. If its length of arc s is measured 
from the initial valiie o at the point of contact with the surface, the existence 
theorems for differential equations and the properties of the function F justify 
the following theorem: 

THEOREM. There exists a two parameter family of space extremals tangent to 
the extremals (13) on the surface S, and having equations of the form 


(14) x= 6(s,0,7), y = V(s,0,7), z= X(s,o0,7T), 
where ® and ®, are of class C’ near the values 
s=o, 


defining, respectively, the arcs Ey2 and E23. Similar properties hold for ¥ and X. 
The identities 


(15) ®(o,0,7)=E(o,7), (0,7), 


with similar ones for the other functions, express the tangency of (14) with the 
surface extremal (13) at their point of intersection. 

The identities (15) give rise to a number of further relations important in 
the following pages. By differentiating the first one and applying the second, 
it follows that 

,(¢,0,7)=0, 
and by differentiating the second, 


,,(¢, T) = T) T) = — 


with similar relations for ¥ and X. The determinant 


5 
| 
| 
| 
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has therefore the derivative 
| & &| 
(16) A.(8,0,7) =|Ye Veo 
X Xe X| 


for the values (¢,¢,7) along the surface S. But at a point where the 
functional determinant of the functions A and B is different from zero, the 
relations (13) show that this has the value 


A.(o,0,7) = K{X(a" — 2") + — + 2 (2" — 


where K is a factor of proportionality which does not vanish. According to 
the lemma of § 1, the following result may be stated: 

Lemma 2. The derivative A,(s,0,7) is different from zero at any point 
of the curve Ey on the surface S at which the determinant 


is different from zero. 


3. AUXILIARY THEOREMS 


The computations of the following pages can be considerably simplified by 
the use of some auxiliary theorems, the first of which may be stated as follows: 
THeorem. If a family of curves 


(17) t= (8,4), y=¥(s,r), 2=x(s,d) 


satisfies the relation 


J@ + Jw + x= 0, 
then the derivative of the integral 


when 89, 81, and are functions 8(v) , 81(v) , A(v) , 

[ + Fy ye + Fr 
The arguments of the derivatives of F are the same as those in the integral, and 
(18) te = t+ Grrv, = + Xaro- 


This theorem follows at once by known methods* provided that the func- 
* See M. and B., §2. 
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tions 89, 8;, \ are of class C’ for | v| =e, and ¢, @, of class C’ in the region 
Ss=5(v), A = A(v) 


with similar properties for y and x. 
THEOREM. [If the curves of a second family 


(19) a=@(t,u), y=WV(t,u), 2=X(t,u) 
adjoin those of the first family for parameter values 
s=s(v), A=A(v); t=h(v), 


and if corresponding arcs of the two families have the same direction at their 
common point, then the function 


20) =f xs be Ver xed dst (, X, dt, 


in which ty is a function of v as well as t; and p, has the derivative 
(21) G’ (0) = [Fe + Fy’ Yo + Fe’ 2v 


The expressions in the bracket must be formed at the point 0 for the first family, 
and at the point 2 for the second, as described in the first theorem. 
The derivative of G(v) has the value 


[ Fz’ + Fy’ yo + Fy + + Fy yo + F, 2, ji, 


from the first theorem. At the point 1 the two brackets cancel on account 
of the homogeneity properties of F and the relations 


o[s1(7), ] @[ti(v), u(r) ], 
os [81(0), A(v) ] = (0) & (0), w(r)] [x(v) > 0}, 


with similar ones for the other functions, which express the intersection and 
the tangency of the two families. It is understood that the continuity proper- 
ties of the two families are like those described above for the first. 

A similar theorem evidently holds when the number of families is more 
than two. If the curves of the first family all pass through a fixed point 0 for 
8 = 8 (v), X = A(v), the bracket in (21) vanishes at 0 since the same is 
true of the derivatives of (17). If the curves of the second family similarly 
pass through a fixed point 2 fort = t2(v),u = u(v), then G(v) isa constant. 

The family (19) may be independent of yu, in which case it will be simply 
an enveloping curve of the family (17). If in this case #,(v) is a constant, 
the second of the integrals (20) will be simply the value of J taken along the 
envelope from 1 to a fixed point 2, and the function G(v) will again be a 
constant. 
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4. Jacosi’s CONDITIONS FOR UNILATERAL VARIATIONS 


As a result of the assumptions made on the curve Eo3 at the end of §1, it 
is possible to prove the following further necessary conditions for a minimum: 

(VID The curve Eos must not have a point of contact between 1 and 2 with 
an enveloping curve d of the family (13) of extremals on the surface S . 

The proof will be made here for the case where the enveloping curve d does 
not have a singular point at its point of contact with Ey. In that case a 
stronger condition holds, namely, 

(VII’) The curve Eo; must not have a point of contact with an enveloping curve 
d either between 1 and 2 or at 2. 

If the curve d has a singular point at its contact point with Eg, the con- 
dition VII still holds and can be proved by other methods; but the case where 
d touches E at the point 2 requires, as usual, a special investigation. 

The equation which defines d on the surface S is 


B, B, 


where A and B are the functions (12) defining the extremals on the surface. 
If this is satisfied at a point (o, 7) = (06,0) of the are E,2, the derivative 
A, will be different from zero at that point, as is known from the theory of 
the plane problem applied to the integral (3). The last equation has therefore 
a solution 


¢=2Z(u), r=T(u), 
reducing to (o 9,0) for u = 0 and of class C’ near that value. The equa- 
tions of the envelope in space will be 


x= €[Z(u),T(u)], y=n[Z(u),T(u)], [2(u), T(u)]. 


The parameter u is chosen as one of the values + 7, but so as to make the 
positive direction along d the same as that of the surface extremal tangent to it. 

For an arbitrary value of u the corresponding value of 7 defines an extremal 
Eos of the set (11) which is tangent to the corresponding extremal E,; of the 
set (13) at a point 4 of the curve C as shown in Fig. 2. Further, E4; is tangent 
to d at a point 5, and ds touches Eo3 at the point 6. The families (11), (13), 
and d are then of the form described in §3 when u = v, and the function 


G(u) = J (Eos) + (Ess) + J (die) + J ( Eos) 


is a constant, where £3 denotes the arc of Eo; between 6 and 3. An argument 
precisely like that used for problems in the plane, shows that d;. can not be 
an extremal on the surface, and since 


G(0) = J 


it follows that Eos can not minimize J if VII is not satisfied. 


A, A,| 
|=Q, 
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If the condition VII’ is satisfied together with those postulated at the 
end of §1, a final necessary condition is the following: 

(VIIT) The curve Eo; must not have a point of contact between 2 and 3 with 
an enveloping surface D of the family (14) of extremals tangent to S. 


Fic. 2. 


Here again the proof will be made for the case where D does not have a 
singular point at its contact with Eo;, and the stronger condition holding 
under those circumstances is 

(VIII’) The curve Eos must not have a point of contact with D either between 
2 and 3 or at 3. 

The points on the enveloping surface are defined by the equation 


® ®, 
(22) WV, =0. 


On account of Lemma 2 of §2, the determinant is different from zero on the 
arc E23; near the point 2, though it vanishes at 2 itself. If the equation is 
satisfied at a point 7 of the are E23 for which (s,o, 7) = (87, 8,0), and 
further defines a non-singular enveloping surface D, then the argument of 
Mason and Bliss* shows that there is a curve on D, 


(d) e=a(u), y=y(u), z=2(u), 


passing through the point 7 for uw = 0, and which is tangent to a one para- 
meter family of the extremals (15) at points defined by equations of the form 


s=S(u), o=Z(u), r=T(u), 


"* See M. and B., §3. 
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where S, 2, T reduce to 87, s., 0 for uw = 0. The parameter u can be so 
chosen that the positive direction on the curve d coincides with the positive 
direction of the extremal (15) at the point defined by these functions. 

An arbitrarily chosen value u defines an extremal Eo, of the set (11) tangent 
to an extremal £,; of the set (12) at a point 4 of the curve C; and £,; is in turn 
tangent at a point 5 to the extremal EF. defined by the equations 


(23) y= V¥(s,2,T), z= X(¢e,2,T). 


Finally this last curve is tangent to dg at a point 6. When w is set equal to v, 
the families (11), (13), (23), and dg are of the kind described in §3, and the 
function 


G(u) = J (Eos) + J (Ess) + J (Ese) + J (der) + J 


is a constant. Since 

G(0) = J 
and d can not be an extremal, it follows that Eo3 can not minimize J if VIII 
is not satisfied. 


5. Tue EXISTENCE OF A FIELD 


If the are Eo3 satisfies the stronger set of eight conditions described in 
§$$1, 4, it will surely minimize the integral J with respect to variations suf- 
ficiently near to it and lying on one side of the surface S. But before pro- 
ceeding to the proof of this fact it is necessary to show how a field may be 
constructed about the minimizing arc. 

For this purpose consider first the family (14) which contains the arcs Ey. 
and E23, respectively, for the parameter values 

r=0; 


(II) 


8 =8 SS 8s, = 8, 


The symbol II, will be used to denote the set of points (s,¢,7) which 
satisfy either of the following sets of conditions: 


se; 


(II.) 


|r] Se. 


If the constant € is chosen sufficiently small, any two distinct points of II, will 
be transformed by the equations (14) into distinct points (x, y, 2); and in the 
interior of II, the determinant (22) will be everywhere different from zero. 

To prove this it will first be shown that in a suitably chosen neighborhood 
of a point 7o(8%, 00,79) satisfying the second of the conditions (II), no 
two distinct points r(s,¢0,7), m’(s’, 0’, 7’) of the region II, can define 


4 
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the same point (x,y,z) by means of the equations (14). 
formula,* 


(24) @(s’, 0’, — B(8,0,7) 
(s’ Ay — a) As +(7’ —1)A; 


By Taylor’s 


where, for example, 
1 
(25) As -{ ®,(8", 0", 7”) du, 
0 


and the other coefficients have similar values. The expression (24) and the 
similar ones for VW and X can vanish simultaneously only when the determinant 
of the coefficients vanishes. But this is impossible near 7 since the deter- 
minant (22) is different from zero at mo and the derivatives of ®, YW, X are 
continuous. 

Near a point 7» satisfying the first of the conditions II the expression (25) 
for Az can be put in the form 


since ®, vanishes when its first two arguments are the same. The point 
7’) is always in II, when z and 7’ are in II, and 0 =u =1, and 
hence s’’ — o” is never negative. By a double application of the mean value 
theorem for a definite integral 


Az = (81 o1)®,,, 


where the arguments of ®,, contain properly chosen intermediate values for 
u and v, and (81, 01, 71) is the middle point of the segment rz’. 

Near a point 7» satisfying the second of the conditions (II) the difference 
(24) can therefore be put into the form 


(26) (s’ —s) Ai +(0’ (8; — 01) +(7’ — 7) As, 


where A;, A:, A3 approach continuously the values of ®,, ®,,, ®, at the 
point 7» when z and 7’ approach 7». This expression and the similar ones 
for VW and X can vanish simultaneously, for 7 and 7’ sufficiently near to 7, 
only when 


since at the point 7» the determinant (22) is different from zero. But if 
s’ = s and r’ = 7, the values of o’ and o must be distinct since z and 7’ are 
distinct. The difference 3; — o; can not vanish since s; = s = s’ is greater than 
the larger of o and a’ on account of the conditions (II,). Hence near 7» the 


* See Jordan, Cours d’ Analyse, 2d ed., vol. 1, p. 247. 
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difference (24) and the similar ones for ¥ and X can not all vanish if 7 and 7’ 


are distinct. 

Suppose now that it should not be possible to choose a constant € such as 
is described in the first part of the italicized statement, and consider a sequence 
{e,} of decreasing positive constants having zero as its limit. For any choice 
of k there would exist at least one pair of distinct points, 


(27) (s,0,7)z, 0’, 


in the region II,, and defining the same point (2, y,2)x by means of the 
equations (14). The two sequences (27) would have points of condensation 


(28) (80, To); (80, Se; To) 


necessarily lying in the region II, and these two points must be the same. 
Otherwise they would define distinct points of the are E,3;, and on account of 
the continuity of the functions (14) the pairs of values (27) which lie suf- 
ficiently near to the values (28) could not define the same point (2, y,z)x. 
Neither could the pair of sets of values (27) define the same point (2, y, z); in 
case the two condensation points (28) were identical, as has been seen in the 
paragraphs just preceding. 

A similar argument shows that e can be chosen so as to satisfy the last part 
of the italicized statement. Otherwise there would be a sequence (8, 0,7)» 
of interior points of the respective regions II,, at each of which the deter- 
minant (22) vanishes. Such a sequence must have a condensation point 7 
inII. But zo could not satisfy the second of the conditions (II) , since at such 
points A(s,o,7) is different from zero. Neither could it satisfy the first 
condition; for near such a point 7 the value of A,(s,o¢, 7) is different from 
zero, on account of Lemma 2 and because for s > ¢ 


—o),¢,7] $0. 


The points of the sequence (s, 0,7), which condense on 7» have s >a, 
since they are interior points, and hence the existence of the sequence is 
contradicted. 

If the region II, is chosen as described above, its image in the xyz-space, after 
transformation by equations (14), is a region F,, a continuum and its boundary, 
whose boundary points are the images of the boundary points of I1,. The corre- 
spondence between Fz and Il, ts one-to-one. The single valued functions 


(29) o=a(2,y,2), T=7(2,y,2) 


so defined are continuous over Fz, and in the interior of Fz they have continuous 
derivatives. 
The first part of this statement follows at once from some theorems proved 
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by Bliss,* since the images of the interior and boundary of II, are distinct. 
The preceding paragraphs of this paper show that the correspondence between 
¥, and II, is one-to-one. An interior point of * corresponds to an interior 
point of II, at which A(s,o,7)} +0, and the fundamental theorem of the 
implicit function theory shows at once that the functions (29) are of class C’ 
at such points. Ifasequence of points (2, y, of approaches a boundary 
point (2’, y’, 2’) of the corresponding values (s, 0,7), defined by the 
equations (29) must approach the values (s’, o’, r’) which define (2’, y’, 2’) 
by means of equations (14), as may readily be seen from the continuity of 
the functions ®, ¥, X. Hence the functions (29) are continuous everywhere 
in Fy. 
There exists a field F, about the are Eq, through each point of which there 
passes a unique extremal of the set (6) defined by equations of the form 
u=u(z,y,2), 
(30) 
w= w(2r,y,2). 
These functions are continuous everywhere in F, and have continuous derivatives 
except at the point 0.7 
The symbol ,2 will be used to denote the set of points (x, y, z) consisting 


of the interior of F,, the points of S in *, and the points interior to 7. 


Let V be a continuous curve 
(V) z= 2(t), y= 9(t), z= Z(t) (StSts) 


consisting of a finite number of non-singular arcs of class C’, joining the 
points 0 and 3, and lying in the region 2. on the same side of S with the 
are 

If F, is taken sufficiently small the only points where V can enter Fz are on 
the boundary B of Fz which corresponds to the parameter values 


(31) g=s<ot+e, o=s(t), |rl<e. 


A neighborhood of the point 1 can be chosen so small that the only boundary 
points of ¥% in it are points of the surface S and points on the boundary B 
defined by the conditions (31). Further, 7, can be taken so small that the 


only points common to it and #2 are in the same neighborhood. Under these 
circumstances the curve V can enter ¥ only at points of B or at points of S 


* The Princeton Colloquium Lectures on Mathematics, p. 38. 

+ For the existence of the field in the neighborhood of the point 0, see Bliss and Mason, 
Fields of extremals in space, these Transactions, vol. 11 (1910), p. 328; also references 
at the beginning of the same paper; also Sziics, Mathematische Annalen, vol. 
71 (1911), p. 380. The existence of the field about the rest of the are follows by the usual 
methods. A proof analogous to that just preceding in the text is more elegant than any o 
these. 

Trans. Amer. Math. Soc. 21 
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distinct from B. The latter are, however, excluded since V lies entirely on 
one side of S near the point 1. 


6. SUFFICIENT CONDITIONS FOR A MINIMUM 


It is proposed to prove in this section that an arc Eo3 of the kind described 
at the end of §5, will give the integral J a value at least equal to J (Eos). 
To each value of ¢ defining a point 6 of Vo3 in #, there will correspond a 
unique curve 


Eos = Eos + Ess + Ese, 
shown in Fig. 1, where Eos, E4s, Ese belong respectively to the families (11), 
(13), and (14); while if ¢ defines a point 6 which does not lie in J, it will deter- 


mine a unique extremal Eo, of the family (6). 
The integral J ( Eo.) , is a continuous function of t which has the derivative 


d 
(82) (Eu) = Fe + Py + Fe? 


In this expression the arguments of the derivatives of F are the values (x,y, 2, 
x’, y’, 2’) which define the point and direction of Eg at the point 6, while z’, 
gy’, 2’ are the derivatives at the same point of the functions (V) defining V . 

To prove this consider the one parameter family of curves Eo, determined 
by the points of Vo3 interior to #. It is determined by substituting the 
functions defining V in the expressions (29) for s, o, 7 in terms of z, y, 2. 
The functions s(t), o(t), 7(t¢) so determined are of class C’ near a value 
of ¢ defining an interior point of ¥ unless ¢ is one of the exceptional values at 
which V has a corner point. By substituting o(t), 7(¢) in the equations 
(11), (13), and (14), the three families Eo,, Ey;, Ess are determined with 
properties similar to those of the auxiliary theorems of §3. It follows readily 
that the derivative of J (E) has the value given in the theorem. 

The argument is the same for a point 6 in F, but not in *, except that the 
equations whose solutions determine the family Eo. are then 


a(t)= $(8,u,v,w), y(t)=y(s,u,v,w), z(t)=x(s,u,v,w), 


When the point 6 lies on the surface S at the point 0, or on the boundary 
B, it is more difficult to show the existence of the derivative. But the desired 
result can be obtained by the use of expansions of the functions (14) similar to 
(26), by means of the properties of the functions (6) at the point 0 described 
in the paper referred to in the preceding section, and by special considerations 
at a point of B. 


* At corner points of the curve V this should be thought of as a forward derivative. 
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If the stronger set of eight properties described in the preceding sections is 
satisfied by the arc Eos, then 
(33) J (Evs) < J (Vos) 


for any curve V3 distinct from Eo; in the field Fz and on the same side of S with 
the arc Eo3. It is understood that V3 consists of a finite number of non-singular 
arcs of class C’. 

For consider the continuous function 


W(t) = J (Eos) + J (Ves), 


where 6 is the point of V determined by the parameter value ¢. With the 
help of the last theorem but one, the derivative of W(t) exists except at a 
finite number of values of ¢, and has itself the value 


(34) W'(t)= —E(2z,y,2; 2’, y',2; 


On account of IV and the properties of the function E this is always negative 
except when the positive directions along V¢3 and Eo coincide at the point 6. 
Furthermore 

W (to) = J (Vos), W (ti) = J (Eos). 
The inequality (33) must therefore be satisfied unless the positive directions 
along Eo. and V¢3 coincide at every point 6 of V where the derivative (34) is well 
defined. 

If the positive directions along V coincide with those of Eos at every point 
of V, then Vo3 and Eo3 must be coincident. The proof is somewhat compli- 
cated but may be made with the help of the following lemma: 

Lemma 3. Any are of V defined by an interval t’ = t St’ and containing 
no points of S or B, is an extremal of one of the families (6), (14) along which 
s increases from s’ to s" as t traverses the interval t' t’’. Anare of V lying en- 
tirely on the surface S must be an are of one of the surface extremals (13) with 
similar properties. 

An arc of V with which the lemma is concerned must lie in the interior of 
¥, or F,, or else on the surface S. The proofs in the three cases are quite 
similar, so that it will be sufficient to suppose the arc V to lie entirely on S. 
The values s = o, o, 7 are then continuous functions o(t), 7(t) defined 
over the interval ¢’ = ¢ = ¢’’ by equations (V) and (29), and they satisfy the 
equations 


(35) 


a(t)=é[o(t),7(t)], 
a(t) = ¢[o(t), 7(t)]. 


At least one of the determinants of the matrix 


& wt 
& 
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is different from zero at every value of ¢ on account of VII’ and the relations 
(13). Hence the theory of implicit functions applied to a suitably chosen 
pair of the equations (35) shows that a(t) and 7(t) are of class C’. If the 
direction of V coincides with that of the surface extremal at each point of the 
arc in question, then 


v(th=«é&, y(t)=xn, («>0), 
and by differentiating equations (35) the relations 
o’(t)=k, r’(t) =0 


are readily deduced. Hence the lemma is true for an are on S, and for the 
other two cases by similar arguments. 

Lemma 4. If t; ts a lower bound of values of t such that for ts = t S tz the 
curve V3 coincides with Eo3, then no value t’ < ts can define a point of V interior 
to F,, or a point of V on the surface S and distinct from B. 

There must be a lower bound ¢; of the kind described since near the point 3 
the curve V3 coincides with an extremal of the field passing through the 
point 3, according to Lemma 3, and £; is the only such extremal. 

If ¢’ defined a point interior to *, then there would be a first value ¢’”” > ?¢’ 
such that the arc ¢’ t’” of V would be entirely interior to * and distinct from 
Eo3 except at the value t’’. The value ¢’’ would necessarily define a point 
either of B, or S, or E23. But the arc ¢’ t’’ of V would in that case be an 
extremal arc along which s increases with ¢ from a value s’ to a value s’’. This 
is, however, impossible, since any such are which is distinct from B, S, Eo; 
for s = s’ retains this property for all values s > s’. 

With the help of this result and by similar arguments it follows that ¢’ could 
not define a point of S distinct from B. 

The identity of Vo3 and Eo; now follows without difficulty. The value 
t = ¢; must in fact define a point 4 on the are E»,, since in case this is not 
true there would certainly be values t’ < t, satisfying the conditions of Lemma 
4. The arc ty ¢, of V then lies entirely in the field *,, and no point of it can 
be distinct from Eo,. Otherwise there would be an extremal arc of the field 
¥F, distinct from Ep; whose end point, as s increased toward the parameter 
value defining it, would lie on Ey,;. There is, however, no such are. 
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ON A METHOD OF COMPARISON FOR TRIPLE-SYSTEMS* 
BY 
LOUISE D. CUMMINGS 
INTRODUCTION 


1. If n elements 1, 2, 3, --- can be distributed in triads in such a way 
that every pair of elements appears in one and only one triad, the totality of 
triads forms a triple-system of n elements. Reisst has shown that it is possible 
to form a triple-system of n elements provided n is of the form 6m + 1 or 
6m+ 3. 

Different methods for constructing triple-systems have been given by 
Reiss,t Netto,t Heffter,§ and E. H. Moore;|| but methods for testing the 
non-congruency of these systems when formed are lacking. The group of 
substitutions that transforma triple-system into itself has hitherto been 
adopted as the abstract mark of the system, and Zulauf{ has shown, by a 
consideration of the groups, that the four systems on 13 elements of Kirkman, 
Reiss, De Vries, and Netto are reducible to two incongruent systems whose 
groups are different. In the present paper it is shown however that for 
n = 15 two incongruent triple-systems, A,;;, may have the same group. 

By a simple process non-congruent triple-systems are constructed. These 
are used to illustrate a new method of comparison, by means of a new sort of 
abstract marks. This method requires no knowledge of the group but inci- 
dentally facilitates its determination. No exhaustive determination of every 
Ais which may be obtained by this process is here undertaken, but the 24 
systems discussed include 12 apparently not hitherto constructed. 


APPLICATION OF THE METHOD TO A REISS TRIPLE-SYSTEM ON 15 ELEMENTS 


2. A triple-system formed by the Reiss method** is shown in the accom- 
panying table, which gives 28 triples of the system; the remaining 7, formed 


* Presented to the Society, April, 1914. 

} Ueber eine Steinersche kombinatorische Aufgabe, Crelle’s Journal, vol. 56 (1859), 
pp. 326-344. 

t Zur Theorie der Tripelsysteme, Mathematische Annalen, vol. 42 (1892), pp 
143-152. 

§ Ueber Tripelsysteme, Mathematische Annalen, vol. 49 (1897), pp. 101-112. 
|| Concerning Triple Systems, Mathematische Annalen, vol. 43 (1893), pp. 271- 
285. 

{| Ueber Tripelsysteme von 13 Elementen, Dissertation. Marburg, 1897. 

** M. Reiss, I. c. 
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from the elements which head the columns, are abd, acg, aef , bee , bfg , cdf , deg. 


TaBLe 


5 | 84 | 83 
3/75 | 74 

61 | 65 
2/32 | 21 


This system may be arranged in the following rectangular array. Each 
element heads one column; below it are placed the 7 pairs of elements that 
occur with it in triads of the system. 


ao 
b5 
c4 
d3 
el 
f8 
g7 


To examine the relations existing among the elements of the system, consider 

any triple, as a87 and the 21 pairs of elements which are united with the 3 ele- 
ments of this triple. 
Begin with a pair in the column headed a, for example 
| 62, written thus: call 6 the first element and 2 the second 
| element of this pair; proceed from one column to the next 
| 5 ; in cyclical order, selecting in successive columns the pair 
| 


which contains the second element of the preceding pair; 

continue this process until the pair to be selected from 

| : the first column is the initial pair. For the triple a87 the 

pairs would then appear as follows: 62, 2f, f3, 35, 5c, 

c6, 62, 2f, the pairs repeating after each of the three columns has been 

examined twice. The occurring pairs, the periodicity, and the fact that the 

period consists of two rounds of the three columns can be shown conveniently 

by the notation 62f/35c/6. The bar between two elements indicates the 

completion of one round of the three columns. Such a succession of pairs, 
repeating after 2 rounds of the columns, forms a sequence of period 2. 

Since the elements in the pair 62 can be written either as 62 or 26, examine 
next this same pair with the two elements written in reverse order. Beginning 
with the pair 26 the pairs are selected from the columns as follows: 26, 6b, b1; 
14, 4d, d5; 53, 3e, e4; 41, 1g, g2; 26, showing that after 4 rounds of the 
columns, the first column is again reached with the initial pair, or in sequence 
notation 26b/14d/53e/41g/2. 


albje|dje|fig | 

87 86/8 81 | 

162|71/7 73 | 72 | 

| 53 |52|3 64} 63 | : 

| 41 | 43 | 4 51] 54 | 
a b c d € f 9g 1 2 3 + 5 6 7 8 
87 86 8 84 83 82 81 a4 a al ads az a8 a7 
62 71 76 75 74 72 067 b4 
53 52 31 61 65 64 63 c3 cl c2 c7 c 
41 438 42 32 21 51 54 d6 d2 d8 dij di d d4 
bd ad ag ab af ae ac e2 e& eT ec 
cg ce be te te Ff ji fe fil fa fs f2 
ee fa df dg cd de gs g6 g4 g3 g2 gl 
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Apply this process to the remaining pairs 53, 41, bd, cg, ef, of column a. 
The pair 53 appears in the sequence of period 4 and does not require further 
examination, since 53 as initial pair would furnish the sequence 53e¢/41g/26b 
/14d/5, which is identical with the above sequence of period 4 except as to 
starting point; hence any pair which has appeared in a sequence can be omitted 
from further examination. The pair 41 appears in the sequence of period 4; 
the pair bd furnishes the sequence bd4/ef2/gc5/db6/cg1/b, of period 5; the 
pair fe leads to the sequence fe3/f of period 1; the pair 87 to the sequence 
87a/8. The pair 78 leads from the body of the first column up to the element 
8 at the head of the second column and the process cannot be continued. 
Therefore in examining the pairs of a column we omit the pair which, with 
the element at the head of the column, completes the triple under examina- 
tion. 

For the triple a87 the sequences are 62f/35c/6, 26b/14d/53e/41g/2, 
bd4/ef2/gc5/db6/cg1/b, fe3/f; and all possible pairs for the column a, namely 
62, 26, 53, 35, 41, 14, bd, db, cq, gc, ef , fe, appear in these sequences. The 
number of rounds of the columns required to close a sequence (the period) is 
recorded for each sequence belonging to the triple under examination, and we 
shall call these numbers the index of that triple, and the longest sequence the 
major sequence. 

The index of the triple a87 consists of the numbers 2,4,5,1. The index 
shows that the sequences for the triple a87 consist of a sequence closed in two 
cycles of three elements, hence containing two triads, a second sequence con- 
taining four triads, a third sequence containing five triads and a fourth sequence 
containing one triad. In any column twelve pairs must be considered and each 
pair occurs in one and only one round of the columns and therefore in one and 
only one triad in the sequences. Hence for a triple-system on 15 elements, 
the sum of the periods for every index is 12. Indices of the types 111117, 
111144, 66 are written in the abbreviated form 1°7, 1‘ 4’, 6°. 

The sequences are closed cycles, in which any element may be selected as 
initial element and the sequence may be read in direct or reverse order. The 
sequences for a87 , 87a, and 8a7 illustrate the following 

THEOREM. The index of every triple in a given triple-system is invariant 
under all permutations of its triad. 


ANALYSIS OF THE MAJOR SEQUENCES 


3. An element which appears once, twice, three times in a sequence is 
designated as a single, double, triple point, respectively, for that sequence. 
It is evident that a sequence of period 1 contains no double point and hence 
that no duplicate element occurs in a triad of a sequence. 


¥ 
¥ 
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Lemma. A sequence of period greater than one contains no repetition in any 
quintad of elements. 

Let the sequence for xyz begin in the column z with the 
initial pair ab, and for convenience number the places in 
ab ed the sequence. The elements in places 1, 2, and 3 may be 

de a,b, and c, but the element in the place 4 is not a, since 
that would close the sequence. No repetition occurs in a triad of a sequence, 
hence the element in place 4 is neither b nor c, and therefore must be a new 
element d. The element to fill place 5 forms with d a pair in column z and so 
is neither a nor b; since this required element forms a triad with c, d, it must 
be a new element e. Hence no repetition occurs in a quintad of elements. 
By applying the above Lemma and reading the sequence forward and back- 
ward we obtain the following 

THEOREM. A sequence of period equal to or less than three contains no multiple 
point. 

4. This process applied to the 35 triples of the Reiss Ai; gives indices and 
sequences only of certain types, namely: 


x y z 


TRIPLE INDEX SEQUENCES 
(1) abd 1°7 871/625/786/143/268/417 /534/8 , 
352/3, cgf/e, gee/g, efg/e, fee/f; 
(2) a87 62f/35¢/6, 26b/14d/53e/41y/2, 
bd4/ef2/gce5/db6/cg1/b, fe3/f; 
(3) aAl , 


The indices have separated the 35 triples of the Reiss system into 3 classes, 
(1), (2), and (3). This separation into classes will be found to simplify the 
problem of determining the group of the system. For every substitution 
which converts the system into itself must permute among themselves the 
triples of a class, since formation of cycles depends on identity or difference of 
elements in the different columns and these are not changed by any sub- 
stitution. 

The 35 triples arranged in classes according to their indices are shown in the 
following table. 


Classification of the Reiss Ais by indices 


187 6? 


| 
bee deg | 026 c24 927 die | 
bfg | c58 g36 | 


acg 
aef cdf a78 57 g45 | 
(1) 


(2) 
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In the major sequence 871/625/786/143/268/417/534/8 of the triple abd, 
the second 8 enters in the seventh place after the first 8, the third 8 in the 
seventh place after the second 8, and the first 8 in the seventh place after the 
third 8; we denote this by the symbol 8(7, 7, 7) ; with this notation the ele- 
ments of the sequence are characterized as follows: 8(7,7,7),7(5, 11,5), 
1(7,7,7), 6(5,5,11), 2(8,138), 5(13,8), 4(5,5,11), 3(8, 13). 
For a sequence of period 7 containing 21 elements the symbols (5, 11,5), 
(5,5,11), (11,5,5) are identical and (8,13) =(13,8). Hence this 
sequence contains two distinct types of triple points and one type of double 
points. 

The analysis of the major sequences of the triples of class (1) is given in the 
following table: 


Cuass (1) (7,7,7) (5,11, 5) (7, 


7) (5,5,11) (8,18) (18,8) (5,5,11) (8, 138) 


WIP 
OW Or bo 
OO 


DETERMINATION OF THE GROUP FOR THE REIss Ais 


5. Any operation of the group that leaves a triple-system invariant can only 
transform any triad and its sequences into itself, or into another of the same 
class. Therefore to find the group, we examine first for substitutions that 
transform into itself one of the longest sequences, and secondly for those that 
transform it into the remaining sequences of its class. Substitutions when 
determined must be tested on the whole triple-system. 

An examination of the table of indices for this system shows that the 15 
elements do not enter symmetrically as members of the triads in the classes, 
for example, the 7 triads in class (1) contain only the elements a,b,c,d,e,f,g. 
Since only those elements may be permuted which occur the same number of 
times in a class, the enumeration of the appearances of each element in the 
classes, as in the following table, shows the possible sets of transitive elements. 


6 6 6 


The systems of transitivity for the group are therefore a, b, c, d, e, f, g; 1; 
2,3,4,5,6,7,8. 

The substitutions may be determined from any class in the system, but 
most easily from the class containing the longest sequences since these exhibit 


abd 
bce 
cdf 
deg 
efa 
fgb 
gac 
8 | 
(1)| 3333 3 3 3 
(2); 33333 3 3 6 6 6 6 
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more repetitions of the elements. In the present case class (1) is therefore 
selected. 

(1) Examine for substitutions to transform the triple abd into itself. The 
major sequence of abd is 871625786143268417534, and a consideration of the 
possible rotations of this sequence into itself will determine the substitutions 
which transform the triple abd into itself. The element 1 forms a transitive 
system; hence a rotation of period 3 given by (1) (647) (235) (8) trans- 
forms this sequence into itself. The triple-system will now enable us to 
-complete the substitution, for if two elements in one triple transform into two 
elements in a second triple, the third element in the first triple transforms 
into the third element in the second triple, for example, 18g transforms into 
18g. An application of both cycles (235) and (647) to the two triples 
26a and 24¢c gives respectively 26a, 34b, 57d; 24c, 37f, 56e and shows for the 
required substitution additional cycles (abd) and (cfe). Hence the substi- 
tution (abd) (cfe) (g) (1) (235) (476) (8) transforms abd and its se- 
quences into itself. 

Any rotation of period 2 which transforms the sequence of abd into itself 
must keep fixed one of the elements 1 and interchange elements at equal 
distances from this 1, for example, (1) (46) (38) (27) ---, but in the se- 
quence 3 is a double point and 8 is a triple point and it is not possible to 
convert the sequence into itself by the interchange of two points of different 
multiplicities; hence no substitution of period 2 exists which will convert this 
sequence into itself. Therefore only a sub-group of order 3 transforms the 
triple abd into itself. 

(2) Examine for substitutions to transform the triple abd into the other 
triples in its class. The table of class (1) exhibits the cycles (8473625) (1). 
If now we apply these two cycles to any triple in the system, as al4, then the 
triples of the system appear in the following succession: 14a, 17b, 13c, 16d, 
12e, 15f, 18g, showing the cycle (abcdefg) and this completes the substi- 
tution s, = (abedefg) (1) (2584736) which transforms abd in succession into 
every other triple in its class. Therefore the group for the Reiss system is of 
order 21 and is generated by 
8, = (abd) (cfe) (g) (1) (235) (476) (8), 82 = (abedefg) (1) (2584736). 
The method of construction employed by Reiss involves a cyclic substitution 
of order 7, hence the appearance of s2 was to be expected; but it did not 
show the substitution of order 3. 


CONSTRUCTION OF NEW SYSTEMS 


6. The seven triples containing only the elements which head the columns 
in the seven-by-four array, Table I, §2, form a triple-system on 7 elements, 
which is designated as a head for this array. The seven triples in the head 


1914] COMPARISON FOR TRIPLE-SYSTEMS 317 


and the twenty-eight triples in the array make up the thirty-five triples in 
the system. New systems may be formed by retaining the twenty-eight 
triples of the seven-by-four array and changing the seven triples of the head 
or by changing the seven-by-four array. An index determined from a seven- 
by-four array is designated as a partial index to distinguish it from a complete 
index determined from a fifteen-by-seven array. 


FORMATION OF NEW SYSTEMS BY CHANGING THE HEAD OF THE SEVEN-BY-FOUR 
ARRAY 
7. From the seven elements a, b, c, d, e, f, g thirty-five triples can be 
formed. We determine for each of these triples its partial index from the 
seven-by-four array I. For example: 


TRIPLE INDEX SEQUENCES 
abe 17,2,4 786/7, 871/352/417/625/8, 268/534/2, 143/1; 
abd 1,7 871/625/786/143/268/417/534/8, 352/3. 


Table of partial indices 


abe acf adg bef’ bef cdg abf bee cdf aeg 
abg ade afg bdf beg ceg def acd beg cef Obfg 


| 
abe ace adf bed bdg cde cfg | abd acg bde aef deg 


Select any triple, as abd. Construct all the triple-systems on the seven 
elements a, b, c, d, e, f, g, which contain abd, and retain one of each type. 
Six systems A; can be formed, but the sets of partial indices of four of those 
systems are identical. Hence this triple furnishes only three types of head 
for the seven-by-four array, namely A, B, and C, as in the table. 


abd 
ace 
afg 
bef 
beg 


cdg 
def 


Since triples with different partial indices may give different types of heads, 
we examine in the same way the triple abe; this furnishes 4 heads of type C 
and 2 heads of type B. 

The 35 triples formed of the elements a, b,c,d,e,f,g contain only 2 partial 
indices, 1224 and 17, and all triple-systems of seven elements have been 
formed for one triple selected from each class of partial indices, and three 
types of heads A, B, and C have appeared. The twenty-eight triples in the 
seven-by-four array completed with any one of these heads form a triple- 
system on 15 elements. 


A B Cc 
abd 1, abd 1,7 ee 
acg l, acg 1,7 17,2,4 
aef 1, aef 1,7 1*,2,4 
bee 1, bef 1°,2,4 1?,2,4 
bfg 1, beg 17,2,4 
cdf 1, dee 12,2,4 1?,2,4 
deg dfg 1,7 1?,2,4 


318 L. D. CUMMINGS: A METHOD OF [July 


The array, Table I, completed by these three heads, is denoted by 14, 
IB, IC; of these IA is the Reiss system already investigated. 


87 

62 

53 

41 

IA | abd 
IB abd 

| IC abd > afg 


To show that the 3 systems 14, IB, IC, are non-congruent, it is necessary 
to write each system in the form of the fifteen-by-seven array and to obtain 
the indices for the 35 triples of each system; since it is possible that triples 
with different partial indices may have the same complete index and vice versa. 

No two congruent systems have been admitted, but it does not follow that 
non-congruent systems have not been excluded, and in an exhaustive deter- 
mination ofall systems Ai; every head must be applied to the seven-by-four 
array, and the indices for each system determined from its fifteen-by-seven 
array. 


8. CLASSIFICATION OF IB BY INDICES AND TRANSITIVE ELEMENTS 


1624) 157 2 22 1? 46 1245 


22 42 


bef | abd 23 | 2: | a8 b68 | f28 | dl16 | 

beg | acg {37 j ‘ | a26 g36 | fl5 

cde | aef 27 35 | | 
dfg 


(1) (2) (3) 


The enumeration of the entrances of the elements in the 9 classes shows 
that for the group of the system the sets of transitive elements are a; b, c, e; 
d,f,9;1;2,3,7;5,6,8;4. These sets of transitive elements subdivide the 
classes into sets of triples which are not transformable into one another by 
operations of the group of the system; the subdivisions are shown by lines 
separating the triples in a class, and the system IB contains 13 subdivisions. 
The group is generated by s =(a) (bec) (dfg) (1) (237) (586) (4), and 


is of order 3. 


9. CLASSIFICATION OF IC BY INDICES AND TRANSITIVE ELEMENTS 


157 | 13234 | 1223 4 1? 46 1245 2? 4? | 237 4 | 


| | a78 | | a26 | c67 
| g36 | b17 | e12 | b68 | e56 | b34 | 47 
| d23 | 945 | di6 | f15 | d48 | f37 | d57 | 746 | 


(5) (6) (7) (8) 


| g27 | al4 | 


a b c d g 
84 83 82 81 | 
75 74 73 72 
61 65 64 63 
32 21 51 54 
bee bfg cdf deg 
bef beg cde dfg 
bef beg cdg def 
b34 | | al4 | 
c24 | f46 
e47 | g45 
a (4) (5) (6) (7) (8) (9) 
— 
| ace | beg | abd | c58 g18 
| def cdg €38 
bef | afg | f28 
(1) (2) (3) (4) 
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The sets of transitive elements for the system are a,b, d;c,e,f;g;1;2,3, 5; 
4,6,7;8. These with the indices separate the system into 13 non-permutable 
subdivisions. The group is generated by s = (adb) (cef) (g) (1) (253) 
(467) (8), and is of order 3. 

10. A comparison of IB and IC shows that the groups of these two non- 
congruent systems are the same. For these groups are generated respec- 
tively by s = (a) (bec) (dfg) (1) (237) (4) (586), t = (adb) (cef) (g) (1) 
(253) (467) (8), and are abstractly the same, since each of these substi- 
tutions permutes 12 elements, in 4 cycles, each of order 3, and leaves the re- 
maining 3 elements fixed. But the system IB contains 4 triples with index 
1°7, while the system IC contains only 1 triple with index 1°7. Now ina 
given system the index of a triple is invariant under all the substitutions of 
the symmetric group; two systems are, therefore, certainly incongruent if 
their sets of indices are unlike, whether their groups are different or identical.* 
Hence no substitution exists which converts 1B into IC , and the two systems are 


non-congruent. That is, as pointed out in §1, the same group belongs to two 
non-congruent systems. 

Up to the present time the group has been considered as the abstract mark 
of a system. It is true that two systems with different groups are distinct, 
but as shown above, the converse is not true, a fact which apparently has not 
been suspected before. 


FORMATION OF NEW SYSTEMS BY CHANGING THE FUNDAMENTAL SEVEN-BY- 
FOUR ARRAY 


11. If a seven-by-four array shows 3 columns of the types 
x,y, and z containing the 3 sets of pairs 12, 34: 13, 24: = 
14, 23 which can be formed from the four elements 1, 2, Hs | be a 
3, 4, the four elements constitute a quadrangular array = rd 
which may be denoted by the symbol [33]. The remaining 
four elements 5, 6, 7,8 must necessarily form also a quadrangular array; hence 
quadrangular arrays enter into a seven-by-four array always by couples, and 
it is easily shown that a seven-by-four array must contain 0, 2, 6, or 14 
quadrangular arrays; — a fact hitherto not noticed, but of considerable im- 


y z 


portance in the following discussion. 
An examination of every combination of two pairs occurring in the 7 columns 
of Table I shows that this seven-by-four array contains no quadrangular array. 
Let us form, then, a new fundamental Table II, which shall contain two 
and only two of these quadrangular arrays. In constructing columns suitable 
for a seven-by-four array, the first pair in the column may ’be selected in 7 
ways (since with the first element we may unite any one of the remaining 


* The truth of the converse is not here asserted, though it seems probable. 
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7 elements), the second pair in 5 ways, the third pair in 3 ways, and the fourth 
pair only in 1 way; hence 105 suitable columns may be formed. 

From the 105 columns we select 3 columns a, b, c, containing the 2 quad- 
rangular arrays [}{] and [?$]. The remaining 4 columns d, e,f,g, must 
be selected so that no more quadrangular arrays are introduced, and the enter- 
ing columns must not contain any pair that appears in the columns already 
in the table. 

TaBLe II 


| a b c d e ¥ g | 


The Table II shows one of the several possible ways of constructing a seven- 
by-four array of the desired type. The determination, from the seven-by- 
four array II, of the partial indices for the 35 triples which may be formed 
from the 7 elements a, b,c, d, e, f, g, shows 5 different partial indices. The 
re-heading process is now applied to Table II. A triple of each index furnishes 
6 systems A;. By the selection of 1 system of each type from these 30, the 
6 different heads A, B, C, D, E, F shown in the following table are obtained 
for the seven-by-four array II. 


a b c d e f g 


87 86 85 84 83 82 81 NUMBER OF TRIPLES OF THE 
65 75 76 73 72 71 74 é 
mn | 43 42 41 61 64 63 62 HEAD WITH PARTIAL INDICES 
} 21 31 23 25 15 45 35 18 1427 12324 2 4 
A | bde abe Obfg adf cdg aeg_ cef 1 0 4 2 0 
B | bde abf beg acd dfg aeg_ cef 0 0 2 2 3 
Cc bde abf beg adg cdf ace efg 0 2 1 1 3 
D bde abg_ bef acd dfg aef ceg 0 2 1 2 2 
E | bde bac bfg dag cdf aef ceg 1 4 2 0 0 
F bde abg bef adf cdg ace efg 0 0 2 3 2 


If a system A;; contains more than one A;, then for every such contained A; 
there is an arrangement of the A;;, showing this A; as a head to a suitable 
seven-by-four array. These different arrangements may furnish dissimilar 
partial indices. For example, the system IIA contains three systems A; 
formed of the elements a, b, c, d, e, f, g; a, b, ec, 1,2, 3, 4; and a, b,c, 
5,6, 7,8. The second of these heads, placed over the seven-by-four array 
formed of the 28 remaining triples of the system IIA, gives for the triples 
abe, a43, a12, b42, b31, c41, c23, respectively, the following partial indices 
18, 1*2?, 1*2?, 2*, 2*, 42, 42. Hence IIA shows dissimilar sets of partial 
indices for different heads. Therefore if a system A;; contains more than 
one A;, a determination of the partial indices of the seven triples of one head 
is not a sufficient characterization of the system. 


i 
4 
| 48 42 41- 61 64 63 += «62 | 
| 21 31 23 25 15 45 53 
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To determine if the six systems with fundamental Table II are distinct, 
we compare the indices of the thirty-five triples of each system, since systems 
with different sets of indices are incongruent. The indices for the 6 systems 
with fundamental seven-by-four array II are shown in the following table: 


Il 12 | 182? | 1°24 | 18 22 3) | 1* 26 | 14 4 P25 13 234) 12 23 4; 122? 32| 1746 | 1236 | 


12) | 10 wees | 
B | 2 | | 2] 4 3 4);4,4) 8 | | 4 | 
11! 6 5 31/4 4 | |} 412 | 4 
D| 2 1 | 6 4 | 2 6 | 2 2/ 8 | 2 | 
E/1|10| 4| 8 | 6 2 | | | 4 | | 
Ag 2 | 5 | 4 | 2 4} 4 | 10 | | 4 


This table shows 6 distinct systems differing from the 3 systems with funda- 
mental seven-by-four array I.* 

The sets of transitive elements for IIA are a, b, c; d, f, 2, 4, 5, 83 e, 9, 
1,3, 6, 7; these with the classes separate the 35 triples of the system into 6 
non-permutable subdivisions. The group is generated by s; = (13) (24) 
(58) (67), 8s =(ab) (d2f4) (elg3) (58), 83; =(abe) (d48) (eI7) (f25) 
(936), and is of order 24. 

The sets of transitive elements for IIB are a; b, c; d, f; e; g; 1, 3, 6, 7; 
2, 4,5, 8; these with the classes separate the system into 13 non-permutable 
subdivisions. The group is generated by s; = (bc) (1637) (2548) (df), 
and is of order 4. 

The sets of transitive elements for IIC are a; b; c;d; e; f; g; 1,3; 2, 4; 5, 8; 6, 7; 
these with the classes separate the system into 23 non-permutable subdivi- 
sions. The group is generated by s; = (13) (24) (58) (67), and is of 
order 2. 

The sets of transitive elements for IID are a; b; c; d; e; f; 93 1, 3; 2, 4; 5, 8; 
6, 7; these with the classes separate the system into 23 non-permutable sub- 
divisions. The group is generated by s = (13) (24) (58) (67), and is of 
order 2. 

The two systems IIC and ILD are distinct, since the number of triples appearing 
under each index is not the same for the two systems; but the group is identical 
for the two systems. This is another example of the fact that two distinct 
systems may have the same group. 

The sets of transitive elements for IIE are a; b; c; d, f, 6, 7; e, g, 5, 8; 
1, 3; 2, 4; these with the classes separate the system into 12 non-permutable 
subdivisions. The group is generated by s, =(13) (24) (58) (67), 
82. = (d7f6) (e5g8) (13) (24), and is of order 8. 

* For the sake of brevity the work involved in the determination of the indices for every 
system is suppressed, and a brief outline of the process employed in obtaining the groups is 


given only for the system IA. A fuller elaboration is contained in a manuscript volume 
deposited in the Vassar College Library. 
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The sets of transitive elements for IIF are a; b, c; d; f; e, g; 1, 3, 6, 7; 
2, 4,5, 8; these with the classes separate the system into 15 non-permutable 
subdivisions. The group is generated by s, =(13) (24) (58) (67), 
8. = (be) (eg) (17) (28) (36) (45), and is of order 4. 


SEVEN-BY-FOUR ARRAY WITH 14 QUADRANGULAR ARRAYS 


12. We construct next a seven-by-four array containing 14 quadrangular 
arrays, the greatest possible number, and we apply to this new array the 
re-heading process. The partial indices show 4 types of heads and we obtain 


the following systems: 


a b c d e f g 
m | 16 18 “NuMBER OF TRIPLES WITH 
78 67 68 47 48 45 46 ys 86182 «6183 1428 
A abe ade afg bdg bef cdf ceg 35 
B abe  afg bdf beg cdg cef 7 24 + 
C abe adg aef bdf beg cde cfg 1 12 16 6 
D abd acg aef bef beg cde dfg | 28 7 


The system IIIA contains one set of transitive elements a, b,c, d, e, f, 9, 
1,2,3,4,5,6,7, 8, and the thirty-five triples belong to one class. 

The analysis of the Kirkman system by the method of sequences shows the 
index of each triple to be 1”, and the system IITA is congruent to the Kirkman 
system. The group for the system IIIA is by far the most extensive of the 
24 groups determined in this paper, and belongs to the earliest known A,;. 

The group for IITA is generated by s; = (12) (34) (56) (78), s2 = (13) 
24) (58) (67), s3 =(15) (26) (38) (47), 8, = (ach) (efg) (248) (678), 
8; = (be) (fg) (384) (78), 8 = (be) (dfeg) (34) (5768), 87 = (adgfceb) 
(1347286 ) , ss = ( ad7gfc5368b1e42 ), and is of order 8!/2.* 

The sets of transitive elements for IIIB are a; b,c, d, e, f, g3 1, 2, 3, 4, 
5,6,7,8. The group for the system is generated by s; = (beg) (cdf) (12) 
(358467 ), s2 = (df) (eg) (57) (68), 83 = (15) (26) (38) (47), 8, = (de) 
(fg) (56) (78), and is of order 96. 

The sets of transitive elements for IIIC are a, b, ce; d, e,f,9; 1,2, 3, 4, 
5, 6, 7, 8. The group for the system IIIC is generated by s: = (abc) 
(dfg) (234) (578), = (16) (25) (37) (48), 83 = (12) (34) (56) (78), 
8, = (dg) (ef) (58) (67), and is of order 96. The groups for the systems 
IIIB and IIIC are of the same order 96, but the sets of transitive elements for 
the two groups differ, hence the groups are distinct. 


*C. Jordan (Traité des substitutions et des équations algébriques (1870), p. 380) states that 
the group for the Kirkman system is of order 8!/ 2, which agrees with the result obtained by 
the sequence method of analysis. 
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The sets of transitive elements for IIID are a, b,c, d,e,f,9;1,2,3,4, 
5, 6, 7, 8. The group is generated by s,; =(acg) (bef) (248) (367), 
= (15) (26) (38) (47), 83 = (abedgcf) (3658472), = (13) (24) (58) 
(67), and is of order 168. 


SEVEN-BY-FOUR ARRAY WITH SIX QUADRANGULAR ARRAYS 


13. We construct finally a seven-by-four array containing 6 quadrangular 
arrays, the only remaining number (cf. §11) and we obtain the 4 following 
systems: 


Iv| 65 75 76 73 74 71 72 | |TV) 1 | 18221624 1°32 15223 142414 26 14 4? 122232 


| 21 23 31 15 25 53 54 | |al1| 8 16 | 10 | | 
bdf abc beg adg cde afe cfg | 1 4 
D| 7 | 24 | 4 


The systems IVC and IVD show the same indices as the systems IIE and 
IIIB, respectively, and are congruent to them. 

The sets of transitive elements for IVA are a, b; ¢;d,e,f,9,1, 2,3, 4; 
5, 6, 7, 8; and the system contains 7 non-permutable subdivisions. The 
group for the system is generated by s; = (ab) (dl) (e3) (f2) (94) (67), 
8, = (ab) (d2f1) (e493) (5687), 83 = (13) (24) (57) (68), and is of 
order 32. 

The systems of transitive elements for IVB are a; b; c; d; e; f; 9; 1, 2, 3, 4; 
5, 6, 7, 8; and the system separates into 17 non-permutable subdivisions. 
The group is generated by s; = (12) (34) (56) (78), = (14) (23) (58) 
(67), and is of order 4. 


FORMATION OF NEW SYSTEMS BY VARYING THE NUMBER OF PARTIAL QUAD- 
RANGULAR ARRAYS 


14. The three sets of pairs 12, 34; 13, 24; 14, 23 entering the seven-by-four 
array in 3 columns form a quadrangular array which has been denoted by 
the symbol [3]. Two of these sets of pairs occurring in the seven-by-four 
array in 2 columns form a partial quadrangular array, and may be denoted 
by the symbol {33}. A partial quadrangular array considered with respect 
to the two elements which head the columns in which the two sets of pairs 
enter, is designated in a recent paper as an “ interlacing ”’* of the two ele- 


(1913), pp. 1-5. 
Trans. Am. Math. Soc. #2 135 


D bdf abe beg ade cdg afg ecf | ———————ee a { 

* F. N. Cole, The triad systems of thirteen elements. These Transactions, vol. 14 


324 


ments which 


and eight partial quadrangular arrays {%3}, 


(34 


L. D. CUMMINGS: A METHOD OF 


head the columns. 


[July 


Non-congruent triple-systems may be 
formed by keeping constant the number of quadrangular arrays in the seven- 
by-four array, and varying the number of partial quadrangular arrays. 

The seven-by-four array II contains two quadrangular arrays [3], [%] 


is}, {os}, 


{ez}, 


{ss}, {or}, {ie}, 


{3}. The seven-by-four array V, given below, contains the same number 


of quadrangular arrays, [35], [¢], but a different number of partial quadran- 


gular arrays, the twelve {ii}, {33}, {33}, {58}, {33}, 


{i}, {es}. 


six types of heads. 


{is}, {35}, Ces}, ia}, Cor}, 


The re-heading process applied to this seven-by-four array shows 


a b c d e f g 

= | NUMBER OF TRIPLES WITH 
34 37 36 38 45 48 35 | PARTIAL INDICES 
67 46 47 57 68 56 78 1s 142 2 4? 

{ abe ade afg bdf beg cdg cef 1 6 

B abd = ace afg bef beg def 3 

C abd = ace afg ss deg 2 2 3 

D abd aef aeg beg bef cde adfg 3 1 3 

E abe =. ade afg bdg bef cdf ceg 1 4 2 

F abe adf aeg bdg bef cde cfg 1 6 


A determination of the indices of the 6 systems with fundamental seven-by- 
four array V gives the following result: 


18 22 | 3? 


iV 223) | 14395 | 1842 | 13934 | 133% | 12273 
1 | 18 | 16 

B 4 3 12 4 12 
Cc 2 4 6 8 3 4 | 8 
D 3 4 7 12 3 6 
E\1| 8 16 10 

F\| 1 | 12 | 16 6 | 


The triple-systems VE and VF show the same sets of indices as IVA and IIIC, 
respectively, and are congruent to them. The analysis follows for the 4 
systems VA, VB, VC, VD, which are distinct from the preceding 15 triple- 
systems. 

The sets of transitive elements for VA are a, b,c; d,e,f,9g,1,2,3,4,5, 
6,7,8. The group is generated by s; = (abe) (efg) (258) (367), 82 = (be) 
(d1) (e2) (f8) (g5) (67), 83 =(d14) (€23) (f56) (987), 84 = (ach) (dfg) 
(182) (376), and is of order 288. 

The sets of transitive elements for VB are a, b, ec; d, e, f;g;1,2,3,4, 5, 
6, 7, 8; these with the classes separate the system into 6 non-permutable sub- 
divisions. The group is generated by s; =(ab) (ef) (1327) (4865), 
8 = (ab) (ef) (14) (26) (35) (78), 83 = (ach) (def) (182) (467), and is 
of order 24. 


| 
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The sets of transitive elements for VC are a; b, c; d, e; f; 9; 1, 2,3, 4, 5, 
6, 7, 8; these with the classes separate the system into 11 non-permutable 
subdivisions. The group for the system is generated by s,; = (bc) (de) 
(16) (27) (35) (48), s. = (be) (de) (1457) (2386), and is of order 8. 

The sets of transitive elements for VD are a, b, ce; d, f, g; e; 1, 2, 5, 8; 
3, 4, 6, 7; these with the classes separate the system into 7 non-permutable 
subdivisions. The group for the system is generated by s; = (12) (37) (46) 
(58), 82 =(18) (25) (34) (67), ss =(acb) (dfg) (125) (347), and is of 
order 12. 


ANALYSIS OF TRIPLE-SYSTEMS FORMED BY OTHER METHODS 


15. A few of the well-known systems Ai; are now examined, in order to 
determine, if possible, systems incongruent to the 19 already given. 

(i) Analysis of the Carpmael systems.— The indices for the systems given 
by Carpmael* show two non-congruent systems. One of these yields a set 
of indices identical with that of VA; hence this system is omitted from further 
examination. The other Carpmael system yields a new set of indices; there- 
fore we determine in this system a A;, arrange the system in the form of a 
seven-by-four array, and apply the re-heading process, thus obtaining four 
systems incongruent to the preceding 19, VIA, VIB, VIC, and VID of the 
following table: 


VIA | 12 17 16 15 18 14 13 abe acf adg bdf cde efg beg 


VIB | 34 23 24 28 27 25 26 abe adg_  aef bde bfg cdf ceg 
VIC | 58 48 38 36 35 37 45 abd acg aef bce bfg cdf deg 
VID | 67 56 57 47 #46 68 78 abg ace adf bed bef cfg deg 


A comparison of the two seven-by-four arrays I and VI shows that neither 
contains any quadrangular array, but that while I contains no partial quad- 
rangular array, VI contains the following six {35}, {i}, {i}, {3s}, {3}, and 
3}. Hence the two sets of systems I and VI may be formed by construct- 
ing seven-by-four arrays, which contain a fixed number (zero) of quadrangular 
arrays and a variable number of partial quadrangular arrays. The analysis 


and the groups for the system VI are given below. 


via; | | | 4] 3 | 12 | 6 | 4 
VIB}1)/2) |} 
vic} |3| 1 3 3/6/9| 6) 3 1 
VID |3/3|6/ 1 | 3 3 | 3 | 6 | 6 | 1 
| | 


~ * Some solutions of Kirkman’s 15-school-girl problem, Proceedings of the London 
Mathematical Society, vol. 12 (1881), pp. 148-156. 
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The sets of transitive elements for VIA are a, b, c, d, e, f; 9g; 1, 2,4, 
7; 3,5,6,8. The group is generated by s; = (abe) (cfd) (172)(386), 
82 = (ad) (be) (14) (27) (35) (68), 83 = (be) (ef) (12) (36)(47) (58), 
and is of order 12. 

The sets of transitive elements for VIB are a; b, c; d; e, f; g; 1, 2; 3, 6; 
4,7;5,8. These with the classes separate the system into 21 non-permutable 
subdivisions. The group is of order 2 and is generated by s = (be) (ef) (12) 
(36) (47) (58). 

The sets of transitive elements for VIC are a, b, e;c, d, f; g; 1, 2, 7; 4; 5; 
3,6,8. These with the classes separate the system into 13 non-permutable 
subdivisions. The group for the system is generated by s = (aeb) (cdf) 
(127) (368), and is of order 3. 

The sets of transitive elements for VID are a,c, e; b, d, f; 9; 1, 4, 7; 2; 6; 
3,5,8. These with the classes separate the system into 13 non-permutable 
subdivisions. The group for the system is generated by s = (ace) (bfd) 
(147) (358), and is of order 3. 

A comparison of the systems IB, IC, VIC, VID, shows different sets of 
indices but identical groups. Here then are four incongruent systems with the 
same group (cf. §8 and §9). Therefore it is evident that the identity of the groups, 
though a necessary condition for the congruency of two triple-systems, is not 
sufficient. 

(ii) Analysis of the Heffter systems. — The Heffter* method of constructing 
triple-systems of 6m + 3 elements furnishes two systems for 6m + 3 = 15. 
The first of these contains 15 systems A;, the index of each triple is 1”, and 
the system shows the same set of indices as the system here denoted by IIIA. 
The second system contains no A;, and is therefore distinct from the pre- 
ceding 23 systems, each of which contains at least one A;. This second 
system is now denoted by VII. Its analysis is shown in the following table: 


Classification of VII by indices 


4,8 | 
af4 27 | a58 b24 dfs eg6 fi7 367 


bg5 e338 
c16 


ade cd8 c35 d46 e57 478 
ab6 al3 cfg dgl el2 f23 g34 256 bd3 


The system contains 1 set of transitive elements: a, b,c, d,e,f,9g,1, 2,3, 
4,5,6, 7,8, and separates into 2 non-permutable subdivisions. The group 
is generated by s; = (ad63) (c8f2) (e471), 8. = (abedefg12345678), and is 
of order 60. 

(iii) Nettot describes two methods for constructing triple-systems of 15 
Heffter, Ueber Tripelsysteme, Mathematische Annalen, vol. 49 (1897), 


pp. 101-112. 
tL.c. 
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elements. The analysis of the two systems by the method of sequences 
shows that the index of every triple in each system is 1” and the two systems 
are of the type here designated by IIIA. 

(iv) E. H. Moore* gives different methods for constructing triple-systems. 
A system formed by one of these methods was found to be of the type IIIA. 
Under the re-heading process a system formed by a second method yielded 
4 systems congruent, respectively, to the systems here designated as IIE, 
IIIB, IIc, IVA. 

16. We have shown for the two fundamental seven-by-four arrays con- 
taining, respectively, zero and two quadrangular arrays, that non-congruent 
systems may be formed by varying the number of partial quadrangular arrays. 
It seems possible that additional systems A;;, each containing at least one A;, 
might be formed by the same method from these two arrays, and also from 
the two fundamental arrays containing, respectively, six and fourteen quad- 
rangular arrays. The purpose of this investigation is primarily to exhibit a 
new method of comparison for triple-systems, and while several systems Aj; 
not hitherto constructed have been obtained, no exhaustive determination of 
all possible systems A;; has been undertaken. 

The method of comparison here investigated is applicable to any system 
Ast+1 by merely arranging the system in the form of a 2¢ + 1-by-¢ array 
and determining the indices for this array. In constructing systems As 
which contain no A;, the number of partial quadrangular arrays admitted 
into a fifteen-by-seven array must be considered, but for systems A;; which 
contain one or more systems A;, the number of complete and partial quad- 
rangular arrays admitted into a seven-by-four array is to be considered. 
Exactly similar conditions exist in the case of systems Ao;;;. In constructing 
systems As;;; which contain no A;, the consideration of a 2¢ + 1-by-¢ array 
is necessary, but for systems A»,; which contain one or more systems A,, 
the consideration of a t-by-} (¢ + 1) array is sufficient. 

April, 1913 


AN EXISTENCE THEOREM FOR A CERTAIN DIFFERENTIAL EQUA- 
TION OF THE »mTH ORDER* 


BY 
WILLIAM RAYMOND LONGLEY 


1. The usual method for investigating the solutions of a differential equa- 
tion of the nth order in the neighborhood of a singular point has been to reduce 
the problem to a system of n equations of the first order. This procedure 
was adopted by Poincaré} and others for the treatment of equations of a 
general form, and the results obtained have been summarized and simplified 
by Dulac.t No explicit statement has been made concerning an equation 


of the form 
d"y N ax+by+-:-- 
dx" D~ ax + By 
where N and D are convergent power series in x and y vanishing for x = 0, 
y = 0, but an application of the general theory yields the following informa- 
tion concerning the integrals in the neighborhood of the values zx = 0, y = 0. 
Equation (1) may be reduced to the system 


dy dy, dYyn—1 
(2) =e+n, = + y, 


dx dx 
where ¢, C2, +++, €n—1 are arbitrary finite constants and the initial values of 
the variables are all zero. If X = a+ ¢@ is not zero then the variables can 


be expressed as power series in terms of a single quantity z; that is, 
(3) x= 2x(z), y=y(2), Yn—1 = Yn—-1 (2), 


such that if z satisfies an equation 


(4) 


then the functions (3) will satisfy the system (2). The quantity P is a power 


* Presented to the Society, December 30, 1913. 
TJournal de mathématiques, ser. 4, vol. 1 (1885), p. 167, and vol. 2 (1886), 
p. 151. 
tBulletin de la société mathématique de France, vol. 40 (1912), 
p. 324. 
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series in z whose coefficients depend upon the system (2). The solution z of 
equation (4) can be expressed as a power series in 6 = ke*', k being an arbi- 
trary constant. After substitution of this expression in the system (3), 
6 can be found in terms of x from the first equation and, when this value is 
put in the second, y is obtained as a function of x which satisfies equation (1). 
This solution involves the n — 1 finite constants c, c2, «++, Cn_1, which are 
arbitrary except for the condition a + c8 +0. The exact form of the solu- 
tion is not given and its construction by this general method would involve 
a number of transformations and considerable calculation. 

The object of the present paper is to obtain this result directly in explicit 
form and to derive results in some cases for which a + cB = 0. 

2. By setting y = «(ec + v), where v is to be determined as a function of z 
vanishing with 2, and ¢ is a constant, equation (1) becomes 


dy at+b(ec+v)+2N’ 

at B(e+v)+ 2D" 
If a + cB + 0 the second member can be expanded as a power series in 2 
and v, and the equation takes the form 


(5) = G00 + + ant 


Suppose a solution is assumed in the form 


On substituting this value of v in equation (5) and equating the coefficients of 
corresponding powers of 2, it follows that c2, cz, +++, ¢n-1 may be chosen 
arbitrarily, while the remaining coefficients of the series (6) are uniquely 
determined by 


(7) {m(m —1)+---(m—n+1) 
+ nm(m—1)-++(m—n+ 2) 


where is a rational integral function of c2, «++, and the coefficients 

The convergence of the series (6) can be demonstrated by comparing it 
with the solution of 


dy 
dx” 


(8) = Ay tay 


N Cn = Ago; 
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the coefficients aj; being positive constants equal to the absolute values of 
the a;;._ By Cauchy’s fundamental theorem it is known that this equation 
has a solution for u as a power series in x which is convergent for values of x 
whose moduli are sufficiently small. The solution is 


where a2, «++, @—1 are arbitrary. The remaining coefficients are determined 


m(m —1)+++(m— n+ 2) Omir = 


The function F",,, in equations (10) is a rational integral function of the same 
form as F,,,; in equations (7), the coefficients being all positive and greater 
than the absolute values of the corresponding coefficients in Fn 41. It follows 
then that the absolute value of ¢n+1 is less than am41 for every m provided 
Gig = C2, ***, Gn—-1 = Cn-1- Hence the series (6) converges for at least the 
same range of values as the series (9). 

The solution of equation (1) is now given in the explicit form 


where ¢, ¢2, «++, Cn-1 are finite constants, arbitrary except for the condition 
a-+c8+0. The remaining coefficients are uniquely determined in terms 
of the arbitrary constants and the coefficients in the differential equation. 
This statement contains the information which may be derived from the 
general theory as summarized by Dulac. 

3. The preceding method may be applied without alteration to the case 
when in equation (1) the lowest terms in N are of degree p, and the lowest 
terms in D are of degree gif p= q. If the terms of lowest degree in D are 


the assumption concerning the constant c¢ is 
Do + + +0. 

Geometrically this assumption is expressed by saying that the integral curve 
is not tangent at the origin to a branch of the curve D = 0. 

The existence theorem may now be stated in the following form: 

THEOREM. Given the differential equation 
dy N Noz?+Ni 27 *y + --- + Ney? t+ -:: 


(E) dx” 


in which N and D are convergent series in positive integral powers of x and y 


by 
1 = Goo; 
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andp=q. If 
(C) Do + +0, 


then there exists a solution expressible in the form 


(S) y=er+ 

which is convergent for values of x whose moduli are sufficiently small, and the 
coefficients of the first n — 1 powers of x are arbitrary except for the condition 
(C). 


The fundamental theorem of Cauchy applies to an equation of the form 


(11) 


in which P is a series in positive integral powers of x and y, and asserts the 
existence of a solution of the form (S) in which the coefficients of the first 
nm — 1 powers of x are entirely arbitrary. The difference in the results may 
be stated geometrically by saying that for equation (11) the regular integral 
curves through the origin may go in any direction, while for the equation 
(E) they may go in any direction not tangent to a branch of the curve D = 0 
(excluding always the direction of the y-axis). 

4, We now return to equation (1) in which the numerator and denominator 
contain terms of the first degree and inquire for integral curves tangent at 
the origin to the curve D = 0. We ask if the equation can be satisfied by 
expressing y as a series in positive integral powers of x’ , where ¢ is a positive 
constant. Since dy/dx = — a/B =c for x = 0, we make the substitution 
y = — az/B +, and v is to be determined as a series in x” containing z* 
as a factor, where k is a positive number greater than unity, and satisfying 
the equation 


Ax+bv+ P2 
(12) = 
dx Bv + Qe 
In this equation P, and Q2 contain no first degree terms, and BA = a8 — ba. 
Let the term in Q2 of lowest degree independent of v be x’. Then r is an in- 
teger greater than unity. Suppose that A is not zero, which means that the 
curves VN = 0 and D = 0 are not tangent at the origin. 
Let a solution of equation (12) be assumed in the form 


(13) = + ma**? + --- (l + 0). 


After multiplying equation (12) by the denominator of the second member 
and substituting the value of v, the index of the lowest power of 2 must be 
the same on each side of the equation. Two cases are to be considered. 


331 
d"y 
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I. Suppose / is not an integer less than n. If & is not greater than r, the 
lowest term in the left member is of degree 2k — n, and in the right member 
is of the first degree. Hence k = (n + 1) /2, which is possible only if n is 
even. If & is greater than r, the index equation is k — n +r = 1, which is 
contrary to the assumption that / is not an integer less than n. 

II. Suppose & is an integer less thann. If o is not an integer, the index 
equation is 2k +0 —n=1 ork+oa+r-—n=1, which contradicts the 
assumption that ¢ is not an integer. If o is an integer it may be taken as 
unity without loss of generality. The lowest power of 2 in d"v/dz" will be 
x?, where q is zero or a positive integer, and the index equation becomes 
k + q = 1, which contradicts the assumption that / is greater than unity, or 
r + q = 1, which is impossible. 

The preceding argument shows that equation (1) may admit a solution 
for y expressible as a positive power series in x” (¢ > 0) such that dy/dx = 
— a/8 when x = 0, only if n is even. If such a series exists the first two 


terms will be 


() y= — Get 


5. We shall consider in detail the case when n = 2, and show that equation 
(1) admits a solution for y as a power series in z'. On introducing é as the 
independent variable by the relation z = &, equation (1) becomes 


Py 


a? + By + 


de? dé 


4¢8 

Following the condition (NV) it is convenient to set 
a 

y= e+), 


where v is to be determined as a power series in £ vanishing with . Then 
equation (14) takes the form 


d 4A + EPo 


in which Pp and Qo are series in £ and v. The constant / is determined by 
setting £ = 0, v = 0 which gives 36f = 44. The second member of equa- 
tion (15) can be expanded as a power series in £ and v, and the equation 
becomes 


d 


Let a solution be assumed in the form 


(17) 
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The equations for the determination of the coefficients are 
(18) (6+6)a=A, ee, {n(n —1)+5n+ 6}a, = F,. 


The quantities F,, are rational integral functions of A;;(i + 7 S n), and the 
coefficients in equation (17) are uniquely determined. 

The convergence of the series (17) can be demonstrated by comparing it 
with the solution of 


the coefficients Aj; being positive constants equal to the absolute values of 
the A;;. If a solution is assumed in the form 


(20) we taht 
the equations for the determination of the coefficients are 
(21) (5+6)a = A’, (5n + 6) an = Fi. 


In equations (21), F, is a rational integral function of the same form as F, 
in equations (18), the coefficients being all positive and greater than the 
absolute values of the corresponding coefficients in F,. Evidently the abso- 
lute value of a, is less than a, for every n. Now equation (19) is the well- 
known equation of Briot and Bouquet* which admits a solution of the form 
(20) if the coefficient of wu (in this case 6/5) is not a negative integer. The 
series (20) is therefore known to be convergent for values of « whose moduli 
are sufficiently small. Consequently the series (17) is convergent for at least 
the same range of values. 

The conclusion is that if a8 — ba + 0, then equation (1), in which n = 2, 
admits a solution of the form 


y= 


where P is a power series in x}. 

When this result is combined with that of the theorem above, we can make 
the following geometric statement concerning a differential equation of the 
form (1) and of the second order. If the origin is an ordinary point on each 
of the curves N = 0 and D = 0, and if these curves have distinct tangents 
at the origin, then, in every direction through the origin (except, perhaps, 
tangent to the y-axis) there passes one integral curve. These integral curves 
are all regular except the one tangent to the curve D = 0. This one hasa 
branch point at the origin. 

It has been said above that for n even the equation (1) may possibly admit a 


*Journal de l’école polytechnique, vol. 21 (1856), p. 161. 
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solution of the form (N). For greater than 2 the search for such solutions 
involves the terms in D of order higher than the first and the investigation 
will not be undertaken in this paper. 
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